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Abstract

This paper studies the time inconsistency of policy in heterogeneous agent economies,
where the need to aggregate individual welfare gains creates a distinct source of time
inconsistency. We establish that welfare and efficiency assessments are time inconsis-
tency for different reasons, even when agents have identical preferences and when no
inconsistency would emerge if individual welfare gains were considered in isolation. Only
utilitarian social welfare functions ensure that welfare assessments are time-consistent. In
turn, it is impossible to always have time-consistent efficiency assessments that satisfy
the compensation principle and are useful to define Pareto frontiers when markets are
incomplete. As a result, even when optimal policy is time-consistent, its justification
on grounds of efficiency and redistribution changes as time passes and uncertainty is
realized. We characterize these forces in a general dynamic stochastic environment
and illustrate their policy relevance through applications to anticipated relief policies,

insurance, aggregate investment, and labor taxation.
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1 Introduction

Concerns about time consistency are central to dynamic policy analysis. A policy desirable
from today’s perspective is called time-consistent if it remains desirable when revisited in the
future. Because only time-consistent policies can be implemented credibly, understanding why
time inconsistency emerges is indispensable for normative economics. Building on Strotz (1956)
and Kydland and Prescott (1977), a large literature has examined the origins and implications
of time inconsistency, typically in representative-agent environments.® This paper advances
the study of the time consistency of policies in environments with heterogeneous agents, where
the need to aggregate individual welfare gains emerges as a new source of time inconsistency.

Our central contribution characterizes the distinct forms of time inconsistency that welfare
and efficiency assessments exhibit in heterogeneous agent economies with incomplete markets,
even when individuals have identical preferences and when no inconsistency would emerge
if individuals were in isolation. We establish our results in a general dynamic stochastic
environment with heterogeneous agents, making minimal assumptions about the structure of
the economy.

We set the stage for our analysis of heterogeneity by first providing a new characterization
of the forms of inconsistency that emerge in representative/single agent scenarios. This serves
as a useful benchmark, as by shutting down these forces we can isolate the novel sources of
inconsistency caused by heterogeneity, which is our ultimate goal. We then show that the
welfare assessments of welfarist planners exhibit a distinct form of time inconsistency that arises
from the need to make interpersonal welfare comparisons (in utils) across heterogeneous agents.
This form of inconsistency is governed by a particular cross-sectional covariance determined by
the ratio of ex ante and ex post Pareto weights. A corollary of this result is that only (equal- or
unequal-weighted) utilitarian social welfare functions — with linear coefficients on individual
utilities — ensure time consistency due to interpersonal welfare comparisons. Intuitively, when
the planner’s marginal rate of substitution between individuals in utils changes over time, the
desirability of a policy can also shift. Only utilitarian social welfare functions are immune to
this form of time inconsistency because Pareto weights are fixed across dates and histories.

Because welfarist welfare assessments combine efficiency and redistribution assessments, it

IStrotz (1956) shows that non-exponential discounting implies inconsistent intertemporal preferences. When
the planner inherits such preferences, policy becomes time inconsistent. Kydland and Prescott (1977) show
that when the planner can influence individual behavior today by making promises about policy in the future,
she may have an incentive to renege on these promises ex post once individual decisions are sunk.



is natural to also investigate whether these components are themselves time-consistent. Our
main result shows they are not: it is impossible to always have time-consistent efficiency (and
redistribution) assessments with forward-looking numeraires in heterogeneous agent economies
with incomplete markets, even when the overall welfare assessment is time-consistent. This
impossibility results implies that even when a welfare-maximizing planner assesses policies
consistently, the rationale that justifies a particular policy — whether welfare gains are due
to efficiency or redistribution considerations — changes over time. This is perhaps the most
important practical takeaway of our results, as it identifies an unavoidable tension between
ensuring that policies are time-consistent and efficiency-maximizing.

Efficiency assessments become time inconsistent when the welfare numeraire — the unit
used to evaluate individual welfare changes — varies over time. We refer to this as numeraire
inconsistency and again associate the resulting time consistency problem with a particular
cross-sectional covariance. The inconsistency arises because, when markets are incomplete, the
rate at which individuals (and the planner) convert utility gains into consumption-equivalent
gains — needed to define efficiency gains — changes over time. As we explain in detail, using
forward-looking welfare numeraires — that is, choosing units based on contemporaneous and
future consumption, as it is routinely done in practice — is necessary to ensure that efficiency
assessments satisfy the compensation principle and are useful to define Pareto frontiers at all
times in which assessments are made. When markets are complete, numeraire inconsistency
cannot arise, because individuals’ relative valuations are equalized at all times. Backward-
looking numeraires would preserve time-consistency, but only at the cost of rendering efficiency
assessments meaningless for policy analysis.

Finally, we examine the inconsistency of the different sources of efficiency gains. We show
that all sources of efficiency gains — aggregate-efficiency, risk-sharing, and intertemporal-
sharing — are vulnerable to time-inconsistency when markets are incomplete, except when
a perturbation solely impacts aggregate net consumption at a single point in time. The
inconsistency of the different sources arises because individuals’ valuations of consumption

across dates and histories vary with the perspective from which the assessment is made.

Motivating Example. Before presenting the general results, we illustrate the main ideas
of the paper in a stylized dynamic model of taxation in which a distortionary labor income
tax finances a lump-sum transfer. We consider a two-period economy with ex-ante identical
households who face labor productivity risk, and contrast the forces that determine the optimal

labor income tax ex ante and ex post.



We illustrate four results from this stylized example. First, we show that the attribution of
welfare gains to efficiency and redistribution changes with the perspective of the assessments
and is therefore time-inconsistent. Ex ante, the planner perceives that a tax increase yields
risk-sharing gains, while there are no redistribution gains. Ex post, however, risk-sharing
no longer plays any role, and all gains are solely attributed to redistribution. Second, the
production efficiency loss due to distortionary taxation is the same ex ante and ex post. This
result highlights that specific sources of efficiency gains may be time-consistent in particular
situations, as explained in Section 4.3. Third, the overall welfare assessment of the policy is
time-consistent under the utilitarian SWF. Fourth, the optimal policy is time-inconsistent for
all other SWFs, since the utilitarian SWEF is the only one that values ex post redistribution

and ex ante risk-sharing equivalently.

Applications. We present three applications that demonstrate how the time inconsistency
forces identified in this paper provides a useful new perspective on applied policy questions.
Each application is designed with a dual objective: first, capture a realistic scenario in which
the time inconsistency forces due to heterogeneity that we have studied play an important
role, and second, illustrate how a particular source of efficiency gains — intertemporal-sharing,
risk-sharing, and aggregate-efficiency — can lead to the time inconsistency of policies.

Anticipated Relief Policies: Our first application identifies a particular form of time inconsis-
tency in the design of anticipated relief policies — policies intended to support individuals who
experience a temporary spell of low consumption followed by a gradual, anticipated recovery.
Relief policies of this sort are common, including the COVID-19 assistance programs, childcare
support and parental leave, unemployment insurance, retraining programs, and affirmative
action. In each case, the efficiency-maximizing policy involves supporting low-consumption
individuals early in their period of hardship, phasing out as consumption recovers and ap-
proaches long-run levels. However, ex post, consumption is still below its long-run level at
times in which the originally transfer policy phased out, opening the door to a new round of
transfers. The efficiency-maximizing transfer is therefore extended ex post beyond the ex ante
optimal time of expiry.

Risk-Sharing Policies: Our second application reveals a time inconsistency that arises when
designing risk-sharing policies. In economies where agents face uncertain outcomes, the ex ante
efficiency-maximizing policy calls for contingent transfers from lucky to unlucky agents at a
terminal date. However, as uncertainty partially resolves, terminal states that appeared "bad"

for one of the agents from an ex ante perspective may seem relatively favorable given new



information about systematic differences between agents. The direction of transfers is then
reversed, undoing earlier risk-sharing arrangements. This dynamic inconsistency mirrors real-
world patterns, such as the EU’s shift in support for peripheral countries after the 2008-2011
crisis. While ex ante support was justified by symmetric risks, the revelation that peripheral
economies are persistently weaker led to demands for austerity and reduced assistance.

Aggregate Investment Policies: Our third application shows that efficiency-maximizing
planners become present biased when assessing investment policies in the present of consumption
trends, generating a type of time inconsistency that increases the hurdle rate for future
aggregate investments as time goes by. Individuals with declining consumption are always
more willing to undertake investment policies but less willing to pay for them over time, while
individuals with growing consumption are always less willing to undertake investment policies,
but disproportionally more willing to pay for them as time goes by. This creates a form of
present bias where aggregate investment policies become less attractive over time from an
efficiency perspective, as their benefits increasingly reflect the preferences of more impatient
(growing-consumption) individuals. This application identifies a new source of present bias in
efficiency assessments that is distinct from discount factor heterogeneity, complementing the
results of Jackson and Yariv (2014, 2015).

Related Literature. This paper contributes to the study of time inconsistency and the
analysis of heterogeneous agent economies. Building on the classic insights of Strotz (1956) and
Kydland and Prescott (1977), a vast literature has examined the time consistency of government
policies, especially fiscal and monetary policy.? Much of this work relies on representative agent
models. A smaller set of contributions, including Werning (2007), Chang (2022), Bilbiie (2024)
and Davila and Schaab (2023a), study time consistency when individuals are heterogeneous but
restrict attention to linear social welfare functions.® Besides our reformulation — in the dual —
of the forms of time inconsistency in single-agent scenarios, we contribute to this body of work

in three ways. First, we characterize the conditions under which an overall welfare assessment

2See Barro and Gordon (1983), Lucas and Stokey (1983), Rogoff (1985), Chari and Kehoe (1990), Aiyagari,
Marcet, Sargent, and Seppéld (2002), Athey, Atkeson, and Kehoe (2005), Amador, Werning, and Angeletos
(2006), Klein, Krusell, and Rios-Rull (2008), Halac and Yared (2014), Marcet and Marimon (2019), Dovis and
Kirpalani (2020, 2021), Sublet (2023), and Clayton and Schaab (2025), among many others.

3In Werning (2007), the usual inconsistency of capital taxation in a representative agent environment is
present because the planner lacks lump-sum taxation and capital expropriation once accumulation decisions
are sunk mimics a non-distortionary tax. With heterogeneity, optimal capital taxation may remain time
inconsistent even in the presence of a lump-sum tax because it helps the planner redistribute across agents,
which is otherwise only possible with distortionary labor taxes. This mechanism is in the spirit of Kydland and
Prescott (1977) since interpersonal comparisons are not source of time inconsistency because the SWF is linear.



is time-consistent with heterogeneous agents, showing that time inconsistency materializes
when the SWF is non-linear. Second, we prove that efficiency and redistribution assessments
are invariably time inconsistent with incomplete markets, even when the SWF is linear. Third,
we provide novel characterizations of the forms of inconsistency of the different sources of
efficiency.

Our results also connect to the social choice literature on aggregation of individual prefer-
ences, that follows Arrow (1950)’s impossibility result. More closely, Zuber (2011) shows that
time consistency generically requires a linear social welfare function. Our approach based on
welfare assessments is complementary to his, as it allows us to associate time inconsistency
in interpersonal welfare comparisons with a specific cross-sectional covariance. A strand of
this literature studies the aggregation of heterogeneous discount factors and shows that time
inconsistency in social choice is an unavoidable consequence of individual heterogeneity in time
preferences (Marglin, 1963; Feldstein, 1964; Jackson and Yariv, 2014, 2015; Adams, Cherchye,
De Rock, and Verriest, 2014; Chambers and Echenique, 2018). Halevy (2015) and Millner
and Heal (2018) distinguish between time invariance and time consistency.! They clarify that
while time invariant and stationary social welfare functions necessarily imply time-consistent
welfare assessments, time invariance is not required for time consistency. Relatedly, Mongin
(1995, 1998) shows that belief heterogeneity also implies time inconsistent aggregate welfare
assessments. In this paper, we consider time invariant SWFs but allow for non-stationarity. To
highlight that none our findings are not driven by preference heterogeneity, we assume in the
body of the paper that all individuals have identical preferences.

The tension between efficiency or risk-sharing and redistribution plays an important role
in our paper and has long been recognized in economics. Marshall (1920), Pigou (1920) and
Knight (1921) already noted that schemes providing risk-sharing ex ante imply redistributive

transfers ex post once uncertainty has realized. Arrow (1963) explicitly states that:

[T]he preference for redistribution expressed in government tazation (...) can be

reinterpreted as desire for insurance (...). Thus, optimality, in a context which

4The social choice literature often discusses two properties of SWF’s: time invariance and stationarity
(Koopmans, 1960; Halevy, 2015; Millner and Heal, 2018). A SWF is time invariant if it does not directly
depend on the perspective of the assessment s*. A SWF is stationary if it implies constant relative valuations
between individuals over time. The welfarist criteria that we consider are time invariant but not stationary. The
functional form of W(-) does not vary with the perspective of the assessment s*. But the relative valuation of
individuals may not remain constant across dates and histories. This is precisely encoded in the dependence of
the Pareto weights ozik on the assessment perspective s*. This violation of stationarity is what opens the door
to time inconsistency. Indeed, Halevy (2015) showed that time invariance and stationarity would necessarily
imply time consistency.



includes risk-bearing, includes much that appears to be motivated by distributional

value judgments.

Our results provide a novel and practical formalization of these ideas, leveraging the formal
definitions of redistribution, efficiency, and its sources introduced in Davila and Schaab (2024).

Our paper also shares this theme with subsequent work in the public finance literature.
The motivating example in Section 2 builds on Varian (1980) and Piketty and Saez (2013b).
Much of the early work on optimal taxation (Mirrlees, 1971; Diamond, 1998; Saez, 2001)
focuses on static environments and appeals to an equivalence between ex post redistribution
and ex ante risk-sharing (behind the veil of ignorance). Our results highlight an important
qualification: this equivalence holds only under a utilitarian SWF. Non-utilitarian SWFs —
widely used in applied work (Atkinson, 1970; Atkinson and Stiglitz, 1976; Stern, 1976; Boskin
and Sheshinski, 1978; Diamond, 1998; Saez, 2001; Piketty and Saez, 2012, 2013a; Saez and
Stantcheva, 2016; Heathcote, Storesletten, and Violante, 2017) lead to a time consistency
problem. The interplay between ex ante risk-sharing and ex post redistribution has been
explored in the new dynamic public finance, for instance, by Farhi and Werning (2013) and
Golosov, Troshkin, and Tsyvinski (2016). In particular, Farhi and Werning (2013) observe that
a utilitarian SWF implies an equivalence between ex ante risk-sharing and ex post redistribution.
We study and rationalize the time inconsistency not only of overall welfare assessments but
also of efficiency and redistribution assessments.

Lastly, a literature on political economy studies time consistency focusing on the tension
between efficiency and redistribution (Alesina and Rodrik, 1994; Persson and Tabellini, 1994;
Krusell, Quadrini, and Rios-Rull, 1997; Farhi, Sleet, Werning, and Yeltekin, 2012; Bisin, Lizzeri,
and Yariv, 2015). Papers in this literature typically consider voting equilibria or coalition shifts

rather than the welfarist perspective we focus on.

2 A Motivating Example

We illustrate the main ideas of the paper in a stylized dynamic model of taxation in which a

distortionary labor income tax finances a lump-sum transfer.

2.1 Environment

We consider an economy with two periods, indexed by ¢ € {0,1}, and a unit measure of

households, indexed by i € [0,1]. Housecholds are ex ante identical but face uninsurable



idiosyncratic earnings risk in period 1.
Households. Household i’s lifetime utility from a period-0 perspective is

Vi = u(ch, ) + BE [u (e, 41)] (1)
where u (+) is the instantaneous utility from consumption and hours worked and (3 is the

discount factor. We denote i’s lifetime utility from a period-1 perspective, after uncertainty is

realized, by Vi = u (ci, £}). Households face the budget constraints
ch = wol}, and =1 —-71)wzill +T.

In period 0, household 7 supplies £ hours of labor at a wage wy. In period 1, households
draw idiosyncratic labor productivity ¢ from a density g(z), normalized such that [ zidi =

[ zg(z)dz = 1. Finally, T denotes a labor income tax and 7" is a lump-sum transfer.

Firms. A profit-maximizing representative firm produces the consumption good with labor

each period according to the production function
}/t = Lta (2)

where L; denotes aggregate effective labor input.

Equilibrium. For a given tax policy 7, a competitive equilibrium comprises an allocation
{Y;, Ly, ct, Ei}m and a transfer T such that (i) households optimize, (ii) firms maximize profits,

(iii) the government’s budget is balanced, so
r
T=r / A0 di,
0
and (iv) the markets for goods and effective labor clear in each period:

1 1
Y, = / ddi and L= / 20 di.
0 0

2.2 Optimal Policy

Social welfare from a period-t perspective is

we=w(u)) = ([ 00) 7 a)™ @

This social welfare function (SWF), often referred to as isoelastic (Atkinson, 1970), is widely

used to parameterize the planner’s concern for redistribution (Benabou, 2002; Heathcote,



Storesletten, and Violante, 2017). In particular, (3) nests the utilitarian, Nash, and Rawlsian
SWEs for the parameter values ¢ € {0, 1, 00}, respectively. We contrast the ex ante optimal
policy, set in period 0 to maximize W), with the ex post optimal policy, set in period 1 to

maximize W7.

Ex Ante Policy. From a period-0 perspective, the optimal tax trades off risk-sharing gains
against production efficiency losses. Risk-averse households would like to smooth consumption
across idiosyncratic earnings shocks, but are unable to do so because of the assumed market
incompleteness. A labor tax with uniform transfers in period 1 substitutes for the missing
insurance, achieving welfare gains from risk-sharing. At the same time, the tax distorts labor
supply, creating production efficiency losses. As shown in the Appendix, the ex ante optimal

tax balances both forces:

dL, u' (c}) g
0= —7—— +Cov; | =— o, =204 ] . !
T I + Cov lE[u’ (Cll)] Z1€1 ( )
V.
PI"Odl.lcthIl Risk-Sharing
Efficiency

Crucially, all social welfare functions agree on the ex ante optimal tax and the risk-sharing and
production efficient assessments, irrespective of their concern for redistribution. In particular,

(4) does not depend on ¢.

Ex Post Policy. Once period 1 materializes, all uncertainty is resolved, leaving no further
scope to insure idiosyncratic earnings risk. Would the planner choose the same policy if allowed
to re-optimize at this point? Not necessarily. From a period-1 perspective, the optimal tax
trades off redistribution gains against production efficiency losses. On the one hand, the planner
has a desire to reallocate consumption to less well off individuals. On the other, the tax still
distorts labor supply, creating production efficiency losses. As shown in the Appendix, the ex

post optimal tax balances both forces:

dL Vi - 1 g
1 o (Vi) "' ()

0= —7—— +C — ; —zZl (5)
4T VT () di
Production
Efficiency Redistribution

The redistribution gains now critically depend on the underlying social welfare function through
the inequality-aversion parameter ¢. However, the production efficiency loss remains invariant
to the choice of SWF.
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Figure 1: Utilitarian Welfare Assessments

Note. This figure displays ex ante (left panel) and ex post (right panel) welfare assessments of a marginal tax
increase dr under a utilitarian SWF (¢ = 0), as a function of the tax rate 7. The colored lines correspond
to the overall welfare assessments (yellow) and their decompositions into gains and losses due to production
efficiency (blue), risk-sharing (red), and redistribution (green). The ex ante and ex post optimal tax rates
correspond to the 7 at which the yellow lines cross 0, that is dgzo = 0 in the left panel and dgzl = 0 in right
panel — illustrated by the dashed vertical lines. Whenever a line lies above (below) 0 at a given 7, the planner
associates gains (losses) with a marginal tax increase due to that particular motive. We set 8 = 0.96 and
assume isoelastic preferences, u(c, f) = ﬁclf’y — ﬁEH" + @, with v = n = 2, and @ = 3 to ensure that
Vi > 0 for all households. The distribution of idiosyncratic shocks is log-normal with mean 1 and standard

deviation 0.4.

2.3 Lessons for Time Inconsistency

Comparing the ex ante and ex post welfare assessments in 4 and 5 allows us to illustrate four

key ideas that we develop in the rest of the paper. Figure 1 illustrates the first three.

1. (Efficiency and redistribution assessments are time inconsistent) Assessments of efficiency
and redistribution gains and losses shift over time and are therefore time inconsistent. Ex
ante, the planner perceives that a tax increase yields risk-sharing gains (red line) for tax
rates up to and exceeding 40%, while the there are no redistribution gains (green line), as
shown in the left panel of Figure 1. Ex post, however, risk-sharing no longer plays any role
and all gains are solely attributed to redistribution, as shown in the right panel of Figure
1. Ex ante, the planner therefore attributes all gains and losses to efficiency; whereas ex
post, the planner trades off an efficiency loss against a redistribution gain. The main
result of this paper shows that this time inconsistency of efficiency and redistribution
assessments is a general feature of heterogeneous agent incomplete markets economies.
What the planner perceives as the sources of welfare gains and losses invariably changes

over time in these environments.
2. (Production efficiency assessment are time consistent) The planner perceives the same

10
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Figure 2: Time Inconsistency of Welfare Assessments

Note. This figure displays ex ante (left panel) and ex post (middle panel) welfare assessments of a marginal tax
increase dr under alternative SWFs. It also displays (right panel) a decomposition of the ex post assessments.
Each line corresponds to a particular SWF: inequality-loving (¢ = —1), utilitarian (¢ = 0), Nash (¢ = 1), and
inequality-averse (¢ = 2). All SWFs agree on the ex ante welfare assessment dgzo as well as on the ex post
production efficiency assessment: There is a single yellow line in the left panel and a single blue line in the
right panel. Different SWFs disagree on the ex post welfare assessment in middle panel because they disagree

on the ex post redistribution in the right panel. Figure 2 uses the same parametrization as Figure 1.

production efficiency loss T% from taxation ex ante and ex post. From both perspectives,
production efficiency considerations suggest an optimal tax of 0. The blue lines in both
panels of Figure 1 are identical and cross 0 at 7 = 0. We show in Section 4.2 that this
insight generalizes: While risk-sharing and redistribution assessments change over time,
assessments of static production efficiency gains and losses are time-consistent. This
result, which is not special to the utilitarian SWF but holds for all ¢, underscores that

the source of the inconsistency is interpersonal.

3. (Utilitarian welfare assessments are time consistent) The overall welfare assessment %
is time-consistent under the utilitarian SWF (¢ = 0), despite the inconsistency of the
risk-sharing and redistribution assessments. The yellow lines in both panels of Figure 1
are identical and cross 0 at 7 = 0.22. Hence, even though the justification for taxation
varies starkly between the ex ante and ex post perspectives, the optimal policy remains
time-consistent under the utilitarian SWF. Formally, notice that the covariance term in
(5) becomes identical to that in (4) for ¢ = 0. This consistency is special to the utilitarian

SWEF and does not hold for any ¢ # 0 as we show next.

Figure 2 contrasts welfare assessments across different social welfare functions.This implies our

fourth and final observation:

4. (Non-utilitarian welfare assessments are time inconsistent). Only the utilitarian SWF

(¢ = 0) values ex post redistribution the same as ex ante risk-sharing. Non-utilitarian

11



SWEs perceive redistribution gains ex-post higher or lower than the ex ante risk-sharing
gains. As ¢ increases, the planner perceives the redistribution gains from the social
transfer ex post as more valuable than the risk-sharing gains ex ante (Panel ¢). The ex
post optimal tax thus increases with ¢ and only coincides with the ex ante optimal policy

for ¢ = 0. This leads to time inconsistency.

3 Environment

Our notation closely follows Chapter 8 of Ljungqvist and Sargent (2018). We consider an
economy populated by I > 1 individuals, indexed by i € Z = {1,...,I}. At each date
t € {0,...,T}, where T < oo, there is a realization of a stochastic event s;, where sq is
predetermined. We denote the history of events up to date ¢ by s = (s, s1,..., ), and the
conditional probability of observing history s! starting from history s* by m, (st|sk). We use

the term perspective to refer to the history at which a planner conducts a welfare assessment.

Preferences. To rule out time consistency problems due to inconsistent individual preferences
in the spirit of Strotz (1956), we assume that all individuals have expected utility preferences
with exponential discounting. Formally, individual i’s continuation lifetime utility from the
perspective of history s*, ., is given by

(Preferences) => 8> m (st\sk) u (ci (st)) , (6)

t>k st>sk
where ¢! (s') denotes individual i’s consumption at history s’, and where > st>sk indicates
summation over all histories that follow from s*. We assume that u (-) is well-behaved and
Inada conditions apply.
To simplify the exposition, we assume in the main text that all individuals have identical
preferences. We allow for heterogeneity in flow utilities, discount factors, and beliefs in the

Online Appendix.

Social Welfare Function. We study welfare assessments for welfarist planners, those who

evaluate outcomes using a social welfare function based on individual utilities.” Formally, social

5The welfarist approach is widely used because it is Paretian, that is, it can be used to conclude that every
Pareto-improving perturbation is desirable, and because nonwelfarist approaches violate the Pareto principle
(Kaplow and Shavell, 2001).

12



welfare from the perspective of history s*, W, is given by
(Social Welfare Function) W =W (Vslk, o Vi Vsﬁ) , (7)

where individual lifetime utilities V, are defined in (6). The critical restriction encoded in (7)
is that W (+) is a time- and history-invariant function of individual lifetime utilities as perceived
at the time of the assessment, but of nothing else. We define individual ¢’s Pareto weight from
the perspective of history s* as

W ()

(Pareto Weight) ol = oV,

> 0. (8)

Note that Pareto weights depend on the perspective because continuation lifetime utilities vary
across histories, not because the SWF W (-) varies over time or across histories.

It is useful to distinguish between linear and non-linear social welfare functions. We
refer to — equal- or unequal-weighted — linear SWFs as wutilitarian. When W (-) is linear,
W =3 &'V}, and the Pareto weights o', = o are time- and history-invariant. This is no

longer the case when W(-) is non-linear.’

Consumption Functions from Particular Perspectives. We assume that individual
consumption allocations depend on perturbation parameters @ = {6; (s")}, .., where each 6; (s")
is a scalar. Concretely, we assume that individual i’s consumption at history s’ from the

perspective of some other history s* can be expressed as a smooth consumption function
(Consumption Function) f‘sk (st, 9) : 9)

The mapping between individual consumption and @ may arise from a competitive equilibrium
or other equilibrium notions. Since our results do not depend on the specific micro-foundation
of CZ" o (+), we take the dependence of consumption on the perturbation parameters @ as given.
It is natural to think of € as policy instruments, such as taxes/transfers (fiscal policy) or
nominal interest rates (monetary policy), but @ may also represent exogenous primitives such
as productivity or endowments, or simply index allocations directly chosen by a planner.” To

simplify the exposition, we typically suppress the dependence of C§|s,€ (+), V&, and W on 6.

SImportant examples of non-linear SWFs include isoelastic (Atkinson, 1970), Nash (Nash, 1950; Kaneko and
Nakamura, 1979), and Rawlsian (Rawls, 1971). Non-linear social welfare functions are often used in applied
work in macroeconomics and public finance (Atkinson, 1970; Atkinson and Stiglitz, 1976; Stern, 1976; Boskin
and Sheshinski, 1978; Diamond, 1998; Saez, 2001; Benabou, 2002; Piketty and Saez, 2012, 2013a; Saez and
Stantcheva, 2016; Heathcote, Storesletten, and Violante, 2017).

"Optimizing over 0 taking the consumption function as given corresponds to a dual approach in optimal
policy (Dédvila and Schaab, 2023a; Auclert, Cai, Rogulie, and Straub, 2024).
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Critically, the consumption function (9) depends on the perspective s*, because the response
of consumption to a perturbation at a particular history may differ depending on when the

perturbation is assessed; formally,

ac: (st,O)#aci (st,0)

t|sk t|st

00 00

For instance, the consumption response at history s* to a contemporaneous tax change at

that history s* differs across perspectives: from the perspective s*, agents take the tax as
given, while from an earlier s° perspective, they can adjust behavior in anticipation, altering
equilibrium allocations between date 0 and s*. We formalize these ideas in Appendix C, which
presents a general, microfounded derivation of consumption functions (9) using a sequence-space

representation (Auclert, Barddczy, Rognlie, and Straub, 2021).

4 Time Inconsistency

We proceed in three steps. First, we examine the consistency of overall welfare assessments.
Next, we do the same for efficiency assessments. Finally, we analyze the consistency of the

sources of efficiency.

4.1 Inconsistency of Welfare Assessments

We begin by characterizing the conditions under which an overall welfare assessment is time-

consistent. We define time consistency as follows.

Definition. (Time Consistency of Welfare Assessments) The welfare assessment of a pertur-
AW o dW
7 dy(s) 7 0 (%)

share the same sign for all histories s° < s* < s'. The welfare assessment is time inconsistent

if there is a history s* for which this does not hold.

bation db; (s'), from the perspective of s° is time-consistent if later assessments

A welfare assessment is therefore time-consistent if all later assessments of the same perturbation
have the same sign and hence agree on whether the perturbation is desirable or not. If 8 is a
policy, then consistency in the sign of the welfare assessment ensures the consistency of the

optimal policy.®

8For a policy 8* to be optimal from the perspective of s°, no feasible policy can yield welfare gains, that is,
dWo /dOy(st) = 0 for all 6,(s') at @ = 6*. Therefore, if ex post assessments agree on the sign with the ex ante
assessment for all perturbations, then 8* is a time-consistent optimal policy. This explains why our definition
of consistency is based on the sign of the assessments and why we define time consistency in marginal form.
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Remark. (Perturbation to 6, (5'): 6 as placeholder) For ease of exposition, in the main text we

always consider a perturbation df; (5') at a particular history ' at date 1, which we abbreviate

dW1 AWy
= d0.(s

have the same sign since 5!

aw aw
as “df”. We call SO = 2 (ZO) the ez ante assessment and

) the ex post assessment

1

at history 5

is the only relevant history for reassessing df; (s )

4.1.1 Benchmark: Single Agent

As a benchmark, we first study the consistency of welfare assessments with a single agent,
when [ = 1. Even when individual preferences are consistent in the sense of Strotz (1956),

three distinct forms of time inconsistency can still emerge in a single agent environment.

Proposition 1. (Inconsistency of Welfare Assessments: Single Agent) In a single individual
economy (I = 1), the ex ante welfare assessment of perturbation df is time inconsistent when

one of the following holds: The perturbation affects
(i) (Time goes by) the consumption allocation at date 0,
(i) (Road not taken) the consumption allocation at a history s' # s' at date 1,

(iii) (Consumption function shifts) the consumption function at history §* (and subsequent

aci (1) aci (s
histories) from perspective s° differently than from perspective 5, so 0 (+) £ 12 a (s )
, 0 20

To interpret Proposition 1, we can write the ex ante welfare assessment as

, IC} o (s
-l S o 3 S () (o ()

st>s0

dWSo dVO

where the second equality follows because I = 1, and the ex post assessment at history 5! as

3 G - Wy T (o5t w (c () X )

st>5l

dWsl

Comparing these two expressions reveals three forms of time inconsistency. First, the ex ante
assessment includes a date-0 term, whereas the ex post assessment sums over periods from date
1 onwards. If the perturbation affects date-0 consumption, this affects the ex ante but not the
ex post assessment, and we refer to this form of time inconsistency as “time goes by”. Second,
the ex ante assessment includes terms for histories s' # 5'. Ex post, these unrealized histories
are no longer considered, and we refer to this source of form inconsistency as the “road not

taken”. Third, the perturbation may affect the consumption allocation at 5! (and subsequent
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histories) differently depending on the perspective, by changing the consumption function and
possibly influencing state variables like capital. Note that the individual weights o’ and o,
are strictly positive ex-ante and ex-post and can therefore not be a source of inconsistency.
Although formalized differently, the three forms of inconsistency identified in Proposition 1 are

already present in Kydland and Prescott (1977).

4.1.2 Heterogeneous Agents

After reviewing the single agent benchmark, we now study the time consistency of welfare as-
sessments with heterogeneous agents. Proposition 2 shows that, in the presence of heterogeneity;,

interpersonal welfare comparisons emerge as a new form of time inconsistency.

Proposition 2. (Inconsistency of Welfare Assessments: Heterogeneous Agents) In a hetero-
geneous agent economy (I > 1), the ex ante welfare assessment of perturbation df is time

inconsistent when either one of (i) — (iii) in Proposition 1 holds, or

(iv) (Interpersonal welfare Comparlsons) the ratio of ez-ante to ex- post Pareto weights differs

S

Proposition 2 establishes that a distinct form of time inconsistency — arising from interpersonal
welfare comparisons — emerges with heterogeneous agents. To isolate this new mechanism,
we abstract from conditions (i) — (iii) going forward and focus on condition (iv), under a
“No-Kydland—Prescott” assumption.

o(s° st)

Assumption. (No Kydland- Prescott) We assume that (i) 70'5 =0; (i) 1'5 =0 for
st £ 5 and (iii) t'ge(s) = ae( ), for st > 5!, Vi.

In No-Kydland-Prescott scenarios, we can write the ex ante welfare assessment of the pertur-

bation as
dWSO _1 1 Oéio dW§1 Oéio dVZ
= - s 1
7 ﬂﬂ(S)(IXi:a;) 70 —i—ﬁﬂ( )Cov [oﬂs’& dQ] (10)
>0
where Cov? [-,:] = I - Cov; [+, -] denotes a cross-sectional covariance-sum. This expression

decomposes the ex ante welfare assessment d‘;[;so into a term proportional to the ex post

1

) . . AW .
L and a cross-sectional covariance term. Because the coefficient on o 18

strictly positive, ex ante and ex post assessments always agree on sign when the covariance

term is zero. Hence, time inconsistency arises only when the covariance term is non-zero, and
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dW
do

large enough to overturn the sign of . This can only occur when the ratio of ex ante and

i
[0
0

ex post Pareto weights —= differs across individuals, precisely condition (iv) of Proposition 2.
sl

Intuitively, the ratio Z:i) differs across individuals when the planner’s valuation of individual
gains in utils shifts over time.

Are there social welfare functions for which the ratio of Pareto weights remains constant
across individuals, ensuring time consistency of welfare assessments? Only utilitarian social

welfare functions ensure time consistency.

Corollary. (Time Consistency under Utilitarian SWFs) Only utilitarian social welfare functions

ensure time consistency due to interpersonal welfare comparisons.

When the social welfare function W (-) is utilitarian and therefore linear, individual Pareto

. . . T ; ; a! .
weights are constant across histories for each individual, so o' = ai; and afo =1, Vi. The
sl
S
. . . AW .. .
covariance term in (10) therefore vanishes and the welfare assessment = is time-consistent

in No-Kydland-Prescott scenarios. The (equal- or unequal-weighted) utilitarian SWF is the
only one for which this is the case. This result goes back to Zuber (2011) who showed, using
a different approach, that welfare assessments based on additively separable social welfare
functions are time-consistent as long as individuals have a common discount factor. For more
general SWFs, the weight the planner assigns to a particular individual changes endogenously
with the allocation because in that case the Pareto weight o', is a function of lifetime utilities

", evaluated from the perspective of s'.”

4.2 Inconsistency of Efficiency Assessments

It is well-understood that a welfare assessment combines efficiency and redistribution assess-
ments. It is thus natural to also investigate whether these are time-consistent. Our main
result shows that efficiency and redistribution assessments are — under natural circumstances

— time inconsistent in heterogeneous agent economies with incomplete markets, even when

9An interesting question is whether the analysis of Kydland and Prescott (1977) already nests Proposition 2
for the heterogeneous agent case after an appropriate relabeling. Suppose we relabel their “z;” as the vector of
all individuals’ consumption. The question then becomes whether their key term “0X;/0ms” already captures
condition (iv) of Proposition 2. The answer is no: with heterogeneous agents, their term “05/0z5” differs
across ex ante and ex post assessments, which is precisely the content of Proposition 2. Kydland and Prescott
(1977) implicitly rule out heterogeneity by imposing this term to be constant across perspectives. Utilitarian
social welfare functions are the special case where “0S/dx2” has the same sign ex ante and ex post. A useful
restatement of the Corollary would therefore be: Only under the utilitarian social welfare function does the
analysis of Kydland and Prescott (1977) extend to heterogeneous agent environments by relabeling their “z;”
as the vector of all individuals’ consumption.
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the overall welfare assessment is time-consistent. Therefore, even when a welfare-maximizing
planner assesses policies consistently, the rationale that justifies a particular policy — whether

welfare gains are due to efficiency or redistribution considerations — changes over time.

4.2.1 Normalized Welfare Gains

A welfare assessment

AW o d

do :;O‘st do

cannot directly reveal how a planner makes tradeoffs in meaningful units across individuals,

because individual utilities are ordinal (measured in utils) and not inherently comparable. To
make comparisons meaningful, individual gains must be expressed in a common unit — a
welfare numeraire. Formally, individual ¢’s normalized welfare gains or willingness-to-pay for a

perturbation, expressed in units of the welfare numeraire from the perspective of history s, are

where A, is an individual normalizing factor that converts utils into units of the chosen
numeraire.'’ The choice of welfare numeraire — and hence of X\, — typically depends on the
perspective from which the assessment is made, a dependence central to our results.

We can also express the overall welfare assessment in units of the welfare numeraire,
dividing by }>; AL, Hence, a normalized welfare assessment expressed in units of the

welfare numeraire from the perspective of history s’ is

dW dVi
dW2 :

st — = 11
de [Z Oész zt ZCU ( )

)

where w!, = % is a (normalized) individual weight, where } >, w’, = 1. The individual

T >\l
weight w!, encodes how a planner trades off welfare gains across individuals. For example, if

w’, = 1.3, the planner perceives providing individual ¢ with a 1% increase in units of the welfare
A

. . - . AW,
numeraire as equivalent to providing everyone a 1.3% increase. If —z

= 1.1, the planner
perceives the perturbation from the perspective of s* equal to distributing 1.1 units of welfare

numeraire equally across individuals.

av’®
t
10The dimension of /\iz is dim ()\lt) — h'istory—s: individual ¢ uti.IS so dim Tg hlthI‘y—S welfare numeraire \V/Z.
s S history-s* welfare numeraire’ units of 6

The only restriction when choosing the welfare numeraire is that )‘it must be strictly positive for all individuals.
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4.2.2 Efficiency vs. Redistribution

Given a welfare numeraire, a normalized welfare assessment admits a unique decomposition

into Kaldor-Hicks efficiency and redistribution (Davila and Schaab, 2024), given by

av’, avy, avy,

A i T i
= ek = Y 4 Cou (wh, (12)
) s 7 st st

=E i
st (Efficiency) EftD (Redistribution)

The efficiency component Z£ corresponds to Kaldor-Hicks efficiency gains — the sum of
individual willingness to pay in units of the welfare numeraire — from the perspective of s’.
This is a useful notion for at least three reasons. First, it is invariant to preference-preserving
transformations of utilities, unlike the overall welfare assessment. Second, it is independent of

the social welfare function, which only affects the redistribution component through individual

weights. Third, it satisfies the compensation principle; perturbations with Z£ > 0 can be
turned into Pareto improvements if compensating transfers in units of the welfare numeraire
are feasible. For this reason, Kaldor-Hicks efficiency is useful to define Pareto frontiers.

The redistribution component ZEP captures the equity concerns embedded in a particular
social welfare function: Z&P is positive when the individuals relatively favored in a perturbation

are those relatively preferred by the planner, that is, have a higher individual weight w’,.

4.2.3 Inconsistency of Efficiency Assessments

We now characterize the time consistency of efficiency assessments, which we define as follows.!!

Definition. (Time Consistency of Efficiency Assessments) The efficiency assessment of a

perturbation df, (s*), from the perspective of s°, ZL, , is time-consistent if later assessments

=E
=

o share the same sign for all histories s < s® < st. The efficiency assessment is time

inconsistent if there is a history s* for which this does not hold.

As before, we consider a perturbation df; (5'), denoted by df, and compare ex ante and ex

post assessments:

dV;O dV;1
=E _ df —E __ dae
S0 = K and a1 = i

i s0 i =

'We use identical definitions of time inconsistency for redistribution assessments, and for the assessments of
the different sources of efficiency in Section 4.3.
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While Pareto weights play no role in the consistency of efficiency assessments, the choice of
welfare numeraires — the units in which individual gains are expressed in each assessment —
does. Proposition 3 shows that changes in individuals’ valuations for these numeraires can give

rise to time inconsistency in efficiency assessments.

Proposition 3. (Inconsistency of Efficiency Assessments) In a heterogeneous agent economy
(I > 1), the ex ante efficiency assessment of perturbation df is time inconsistent when either
one of (1) — (iii) in Proposition 1 holds or:

(v) (Numeraire inconsistency) the ratio of individual normalizing factors differs across indi-

2\
51

X
Ay

)\J
#* /\j’.; for at least two individuals i and j.

viduals, so
This result shows that efficiency assessments with heterogeneous agents can be time inconsistent
even when Pareto weights o, remain fixed over time. Hence, even when the overall welfare
assessment is time-consistent — as in the utilitarian case — the attribution of welfare gains
and losses to efficiency and redistribution changes over time. This new form of inconsistency
in efficiency assessments stems not from a change in the social valuation of individual utilities,
but from a change in the units used to aggregate individual consumption-equivalents gains
from the perturbation.

To interpret this proposition, note that in No-Kydland-Prescott scenarios, we can write the

ex ante efficiency assessments of the perturbation as

, avi
=5 =pr (51) (j_ ZZ: Z:) =4+ O (51) Cov? ;Z;, CZ ) (13)

>0

This expression — which resembles (10) — decomposes the ex ante efficiency assessment =5

into a term proportional to the ex post assessment Z£ and a cross sectional covariance term.

E

Because the coefficient on =3 is strictly positive, time inconsistency arises only when the

covariance term is non-zero, and large enough to overturn the sign of EgE . This can only occur

when the ratio of ex ante and ex post normalizing factors differs across individuals, precisely
)\i
- that differ across individuals imply that

0

individuals value gains utility in units of the welfare numeraire differently over time.

condition (v) of Proposition 3. Intuitively, ratios

The inconsistency of welfare assessments — which we studied in Section 4.1 — stemmed

(3

from cross-sectional dispersion in ratios of Pareto weights, zfo, which captures shifts in the
1

3

valuation of individual’s utility gains across perspectives. By contrast, the inconsistency of

efficiency assessments depends on the cross-sectional dispersion of normalizing factors, AL, /A%,
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which captures shifts in the valuation that an individual attaches to the ex ante and ex post
welfare numeraires. The ratio AL /A% captures the relative valuation of individual ¢ for 1 unit
of ex ante welfare numeraire in units of ex post welfare numeraire. Intuitively, when this ratio
is large, the individual’s willingness to pay for the same utility gain is higher when expressed in
units of ex ante welfare numeraire. The covariance term in equation (13) is therefore positive
1 dV;i
N o
have a higher relative valuation for welfare gains ex post — so AL /)%, is large. Hence, the

when those individuals with a large willingness to pay ex post — so is large — also
corollary to Proposition 2 no longer applies to efficiency assessments: Even though a utilitarian
planner puts the same weight on individual gains and losses in utils ex ante and ex post, the
individual’s own valuation of the perturbation in units of the welfare numeraires may differ

regardless.

4.2.4 Impossibility Result

We now present what is arguably the central result of this paper: an impossibility theorem for the
time consistency of efficiency assessments in heterogeneous agent environments. In particular,
we show that it is generally not possible to make time-consistent efficiency assessments that

satisfy the compensation principle in heterogeneous agent incomplete markets environments.

Forward- and Backward-looking Numeraires. To formally state this result, we first

must distinguish between forward- and backward-looking welfare numeraires.

Definition. (Forward-and Backward-Looking Numeraires) A welfare numeraire is forward-
looking from the perspective of history s* if it exclusively a function of consumption at s* or
at continuation histories, that is, individual i’s normalizing factor )\ik is a function only of
{ci (8") }ispstssr- A welfare numeraire is backward-looking from the perspective of history sk if

it is also a function of consumption at past or date-k unrealized histories

Forward-looking welfare numeraires are the ones routinely used to assess policies in practice.
They nest, for instance, the practice of using net present values or perpetual consumption
(Lucas, 1987) to express welfare gains.'> Expressing individuals’ willingness to pay in these

forward-looking units is useful for two reasons.

12The most common welfare numeraires in practice — all forward-looking — are, once expressed from
the 5'-perspective: i) contemporaneous consumption, with ALy = (ci (51)) ii) perpetual unit consumption,
with Aoy = 37,01 Y ss 777 (s7]8Y) o/ (¢f (s7)); and iii) perpetual aggregate consumption, with AL, =

dois1 stsg BT (s*18Y) u' (ci (s")) ¢t (s'), where ¢, (s') = >, ci (s*).
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First, with forward-looking numeraires, if an efficiency assessment from perspective s’
is positive (5 > 0), the compensation principle applies: hypothetical transfers of that
numeraire can turn the perturbation into a Pareto improvement, because such transfers can
occur contemporaneously or in the future. Second, no such positive efficiency assessments
exist at Pareto efficient allocations for any forward-looking numeraire, ensuring that efficiency
assessments are indeed useful to define Pareto frontiers.

By contrast, backward-looking numeraires lack these properties. A positive efficiency
assessment from perspective s! does not mean that the compensation principle holds, in the
sense that compensating transfers would have had to occur in the past, something infeasible
once st is reached. More importantly, it may be possible to find positive efficiency assessments

even at Pareto efficient allocations, because nothing ensures that agents can freely trade the

backward-looking numeraire once the history s’ has been reached.

Impossibility of Time-Consistent Efficiency Assessments. The considerations just
discussed suggest that for efficiency assessments to be useful, they must be based on a forward-
looking welfare numeraire. But forward-looking numeraires invite time consistency problems,

as formalized in the following Theorem.

Theorem. (Impossibility of Time-Consistent Efficiency Assessments) In heterogeneous agent
incomplete markets economies, it is impossible to always have time-consistent efficiency assess-
ments with forward-looking numeraires, even in No-Kydland-Prescott scenarios and when using

utilitarian social welfare functions.

This result establishes that in the presence of heterogeneity and market incompleteness it is
typically not possible to make efficiency assessments that satisfy the compensation principle
and are useful to define Pareto frontiers. This occurs because the rate at which individuals
(and the planner) exchange utility gains for consumption-equivalent gains changes over time.
For instance, with contemporaneous consumption as welfare numeraire ex ante and ex post,
Ay =/ (ch (s°)) and Xy = /(] (51)), so unless individuals consume identical amounts in both
histories, the covariance term in (13) will be non-zero.'* More generally, whenever markets are
incomplete, individuals’ valuation for forward-looking consumption will change as time unfolds,

which yields the result.

13While one might consider consumption at history 5' as the numeraire for the ex ante assessment at date
0, so that trivially )\io = )‘i‘h this logic works only in simple settings. If a policy also affects allocations in
another history 3!, time consistency requires that all ex post assessments at date 1 share the sign of the ex ante
assessment. But if the ex ante assessment uses history 5! consumption as numeraire and history 5! realizes, the
inconsistency reappears.
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We highlight that this result is not about the forms of inconsistency identified by Kydland
and Prescott (1977), which also apply to single individual environments — see conditions (i) —
(iii) of Proposition 1 — or the use of non-utilitarian social welfare functions, which already
make overall welfare assessments time-inconstant — see condition (iv) of Proposition 2. The
key forces driving this impossibility result are unique to heterogeneous agent environments
with I > 1, regardless of the choice of social welfare function. It is also important to highlight
that this Theorem is a statement of impossibility for all perturbations in the spirit of Arrow
(1950). While specific perturbations my be time-consistent, it is always possible to construct

perturbations df whose ex ante and ex post efficiency assessments differ in sign.

Remark. (Practical Implication: Sources of Welfare Gains Change over Time) The main
practical implication of this result is that while a utilitarian planner can consistently assess
policies, her justification on grounds of efficiency and redistribution changes as time passes and
uncertainty is realized. For instance, a policy that ex ante is justified on efficiency grounds,
perhaps by improving risk-sharing, ex post can only be desirable purely for a redistributive

motive. We illustrate this phenomenon in our applications.

4.2.5 Can Efficiency Assessments be Time-Consistent?

Efficiency assessments avoid time inconsistency in two scenarios: i) with backward-looking

numeraires, or ii) when markets are complete.

Backward-looking Welfare Numeraires. Proposition 3 suggests a natural approach to
ensure the time consistency of efficiency assessments: choosing ex ante and ex post welfare
numeraires such that Ay = AL, Vi, so that individual valuations of the numeraire are constant
across time and histories and the covariance term in (13) drops out. One natural candidate to
ensure A’y = AL, Vi, is to use the backward-looking numeraire associated with A%, when making
the ex post assessment in history 5'. The resulting efficiency assessment would then compare
gains across individuals in date-0 consumption units, which would mean using a backward-
looking welfare numeraire ex post.'* However, as explained below, efficiency assessments based
on backward-looking numeraires no longer satisfy the compensation principle or can be used to

define a Pareto frontier, which makes the notion of efficiency in this case not useful.

14The idea of using a backward-looking number resembles the use of promise-keeping constraints and recursive
multipliers (Marcet and Marimon, 2019; Ljungqvist and Sargent, 2018), as their use requires keeping track of
allocations in the past and in histories that did not realize. Using a backward-looking numeraire is akin to
keeping track of exchange rate at which a planner traded off utility gains into a common unit at the time of the
ex-ante assessment.
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Complete Markets. Under complete markets, marginal rates of substitution between
histories are equalized across all individuals, so

(¢ (5Y) _ u(ch (5") "
(0 (s°)  w(ch ()

for all individuals ¢ and j. But this property immediately implies that

ul
ul

LN, Vi (15)
; = ] Z)
A;O AZO ]

which guarantees the time consistency of efficiency assessments. Intuitively, when markets are
complete, individuals’ relative valuation of consumption at any two histories is equalized (14).
Any valid welfare numeraire must correspond to a bundle of consumption at different histories
and !, represents individual i’s valuation of that bundle. Therefore, if (14) holds for all pairs
of histories, then valuations for any combination of histories must also be equalized, which
directly implies (15). Complete markets therefore guarantee that individuals’ valuations of the
ex ante and ex post welfare numeraires evolve proportionally. Condition (v) of Proposition 3
therefore never applies in complete markets environments. And under the no-KP assumption,
which rules out conditions (i) — (iii) of Proposition 1, efficiency assessments are therefore always

time-consistent when markets are complete.

4.3 Inconsistency of Sources of Efficiency

Finally, we explore the inconsistency of the different sources of efficiency gains. In dynamic
stochastic economies with heterogeneous agents, the efficiency gains defined in (12) can be
due to i) aggregate efficiency, which captures the gains from changes in discounted aggregate
consumption, ii) risk-sharing, which captures the gains from reallocating consumption toward
individuals who value it more at specific histories, and iii) intertemporal-sharing, which captures
the gains from reallocating consumption toward individuals who value it more at specific dates.
The following Lemma derives Déavila and Schaab (2024) decomposition in our environment,

using perpetual unit consumption as welfare numeraire.'

Lemma. (Sources of Efficiency) The efficiency assessment =5 of a perturbation from the per-

spective of history s* can be decomposed into aggregate-efficiency, risk-sharing, and intertemporal-

15This is the unique decomposition in which efficiency gains can be expressed as the discounted sum — using
an aggregate discount factor — of aggregate consumption gains, =A% and two terms that capture differences

in valuations across dates and histories.
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sharing components, as follows:

=E _ =AE | oRS | =IS
Sk = Sgk o + 2k, where
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CWAES Zwﬂsk Z Wy gk ( ) St (5 ) where Eijsk (s ) = Cov; o r (51) 59
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where wy g = 7 Ly, wt|sk and wygr (s') = %Zi wti|5k (s') define cross-sectional averages of (nor-

malized) dynamic and stochastic weights, in turn defined as
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ok BF Dy (st]58) ' (Cl (51)) - Saseem (st]sF) ! (€1 (s)
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The dynamic weight wfl » measures how individual ¢ trades off date-t consumption against
perpetual consumption from perspective s*. For example, if wt‘ » = 0.1, the planner perceives
a unit increase in consumption assigned to individual 7 at date ¢ as equivalent to a 0.1%
increase in perpetual consumption assigned to that individual. The stochastic weight W§|5k (s')
measures how individual 7 trades off history-s* consumption against unconditional consumption
at date-t from perspective s*. For example, if W2|sk = 0.1, the planner perceives a unit increase
in consumption assigned to individual i at history s' as equivalent to a 0.1% increase in
consumption at all histories at date .

The following proposition shows that the inconsistency of efficiency assessments extends
to their underlying sources, although through different mechanisms. The ultimate cause of
time inconsistency in these cases is the fact that the valuations that individuals attribute to

consumption at different dates and histories changes with the perspective of the assessment.

Proposition 4. (Inconsistency of Sources of Efficiency) In No-Kydland-Prescott scenarios,

for any social welfare function, and with forward-looking welfare numeraires:

a) If markets are complete, risk- and intertemporal-sharing assessments are zero, J:is =

ng = 0, and (static and intertemporal) aggregate efficiency assessments ESkE are time-

consistent.

b) If markets are incomplete, static aggregate-efficiency assessments EﬁCE (s') are time-
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consistent, but intertemporal aggregate-efficiency assessments, as well as risk- and intertemporal-

sharing assessments are time inconsistent.

Consistent with the impossibility theorem shown above, complete markets ensures that efficiency
assessments are time inconsistent. This is achieved because risk- and intertemporal-sharing
gains are zero at all times, and the fact that all individual valuations move in lockstep ensure
that aggregate-efficiency considerations are time-consistent, similar to a single-individual
scenario.

However, part b) of Proposition 4 underscores that assessments of static aggregate efficiency
gains are special.'® In general, an overall aggregate-efficiency assessment =4 is time inconsistent

not because its components at specific histories Z47 (s')

differ across perspectives (in the Non-
Kydland-Prescott case), but because the aggregate weights used to discount them, w; s and
Wk (s'), vary with the perspective of the assessment. Hence, static assessments of aggregate
efficiency are time-consistent, but once multiple periods or histories are involved, the change in
the relevant aggregate weights generates inconsistency.

By contrast, both risk-sharing and intertemporal-sharing. HP;C and = k , are time inconsis-
tent not only because of shifting aggregate weights, wy and wy s (s'), but also because its
components at specific histories, %% (s') and =17 ('), themselves depend on the perspective of
the assessment. For risk-sharing, the relevant eovariance terms reflect conditional probabilities

that change between ex ante and ex post evaluations, so Hﬁfo (s) Eﬁfh

(s'). A similar logic
applies to intertemporal-sharing, where the interaction between dynamic and stochastic weights
leads to assessments that differ across perspectives, so _t|80 (s") £ = ut‘sk (sh).

Together, these results underscore that the evolution of the different sources of efficiency is
sophisticated and non-trivial. While no general results are available at the level of generality
we have considered so far, in realistic scenarios clear patterns emerge in the evolution of the

different sources of efficiency, as our applications illustrate

5 Applications

This section presents three applications that demonstrate how the time inconsistency forces

identified in this paper arise in practical settings. Each application is designed with a dual

16With factors of production, aggregate-efficiency gains include gains from production efficiency, as in Section
2. With multiple goods, aggregate efficiency gains also include exchange efficiency gains, as in an Edgeworth
box. See Dévila and Schaab (2023b).
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objective: first, capture a realistic scenario in which the time inconsistency forces due to
heterogeneity that we have studied play an important role, and second, illustrate how a
particular source of efficiency gains — intertemporal-sharing, risk-sharing, and aggregate-

efficiency — can lead to the time inconsistency of policies, as summarized in Table 1.

Table 1: Summary of Applications

’ # ‘ Application ‘ =AE ‘ RS ‘ =I5 ‘
1 Anticipated Relief Policies =0|=0]| VvV
2 Risk-Sharing Policies =0 v | =0
3 | Aggregate Investment Policies | v | =0 | =0

Note: This table summarizes the determinants of efficiency gains present in each application.

5.1 Application 1: Anticipated Relief Policies

This application identifies a particular form of time inconsistency that arises in the context of
anticipated relief policies — transfer schemes intended to support individuals experiencing tran-
sitory spells of low consumption followed by a gradual, anticipated recovery. When markets are
incomplete, a government relief policy can therefore generate efficiency (intertemporal-sharing)
gains at a particular date by transferring resources towards individuals whose consumption is
below their long-run consumption level, replicating the consumption-smoothing individuals
would choose if borrowing were feasible.

Ex ante, the efficiency-maximizing transfer policy that uses permanent consumption as
welfare numeraire supports low-consumption individuals early on, phasing out once their
consumption approaches its long-run level. Over time, a gradual recovery takes place. However,
ex post, consumption is still below its long-run level at times in which the originally transfer
policy has phased out, opening the door to a new round of transfers. The efficiency-maximizing
transfer is therefore extended ex post beyond the ex ante optimal time of expiry.

The result is a dynamic inconsistency in the design of anticipated relief policies, where an
efficiency maximizing planner finds it optimal ex post to extend the relief longer than originally
intended. Relief policies of this sort are common. A salient example are the COVID-19
assistance programs, designed to temporarily support households disproportionately affected

by the pandemic.!” But the time consistency problem identified here also emerges in other

1"These programs were initially enacted through the Coronavirus Aid, Relief, and Economic Security (CARES)
Act, in March 2020. They were subsequently expanded through the Consolidated Appropriations Act, in

27



policy domains, including i) childcare support and parental leave, ii) unemployment insurance,
iii) retraining programs, and iv) affirmative action policies. In each case, policies designed
ex ante to offset a foreseeable period of hardship and intended to phase out once recovery is

underway are extended ex post.

5.1.1 Environment

We consider a deterministic finite-horizon economy with dates ¢ € {0,1,...,T}. There are two
individuals with identical preferences, indexed by ¢ € {A, B}, and there is a single good that

appears as an endowment.

Preferences and Endowments. Individual ¢’s lifetime utility from the perspective of date
k is given by

=20 (Ci) :

t>k
Individual i’s endowment at date ¢ is denoted by y¢. Individual A has a constant endowment
of y! = y. Individual B starts with the same endowment as individual A, but experiences a
transitory spell of low but gradually recovering endowments that starts at date 7" and lasts

until T. Hence, individual B’s endowment, yZ, is given by

v, t<T
w = y+rs(y-y), T<t<T
Y, t>T.

We adopt this formulation so that there is a terminal date for the individual A’s low endow-
ment spell. Identical results arise if individual A’s endowment recovered exponentially, as in

Application 2.

Relief Policy. We focus on financial autarky for illustration, so individual i’s consumption

at date t is

¢, =y +0M;,

December 2020, and, more notably, the American Rescue Plan Act (ARPA), in March 2021. The timing of
ARPA — which took place once the recovery was well underway — is consistent with the time inconsistency
forces presented in this application.
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Figure 3: Consumption Profiles (Application 1)

Note. This figure shows consumption for individual A (green dashed line) and individual B (solid blue line)
before (left panel, § = 0) and after (right panel, § = 0.75) the relief policy is implemented.

where M/ represents a transfer scheme that provides relief to individual B during the low-

endowment spell, with
1

M =5 (@ —ut)  and  MF=-M

As 6 — 1, both individuals consume identical amounts. Figure 3 shows the consumption
profiles for both individuals without the relief policy (# = 0) in the left panel, and after a
sizable transfer (§ = 0.75) in right panel.

Parametrization. We assume log utility u (¢) = log (¢) and interpret a date in the model
as a quarter, setting a discount factor g = (0.95)1/ . We normalize individual A’s endowment
level to y = 1 and consider a 75% initial consumption drop for individual B, so y = 0.25.
Finally, we assume that the low-endowment spell starts at date 7 = 4 and lasts until 7 = 12,
where T" = 16. For some applications (e.g. COVID relief policies), it may be natural to set

T = 0. The results are qualitatively unchanged in that case.
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5.1.2 Weights, Assessments, and Time Inconsistency

We study welfare assessments of the relief policy M, under an equal-weighted utilitarian social

welfare function. Normalized welfare gains from the perspective of date k are thus given by
dVV"\

. dct
B = W g

% t>k

where 7’s normalized individual weight and date-t’s normalized dynamic weight — both from the
perspective of date k and using perpetual consumption as welfare numeraire — are respectively
given by
i ek B! () i B (f)
Wik = o and o wy = t—kp ! ()
i ek B R () Sisk B ()

Normalized welfare gains can be decomposed into efficiency and redistribution components,

(16)

dw,
where dG‘k = _| D+ :If,ED . Efficiency gains are thus given by
- dct dc
—F t t
Zik :Zzwtlk ZCOU lwﬂk,de]
i t>k t>k

where the second equality follows because this is an endowment economy, with , ‘% =0,
and where Cov?” [-,:] = I - Cov; [, -] denotes a covariance-sum. Since this is a single good

deterministic economy, all efficiency gains are due to reallocating resources towards individuals
with relatively higher valuations for consumption at particular dates, that is, they are due to
intertemporal-sharing, so H‘ = :Il,f Redistribution gains, which capture whether individuals

relative preferred by the planner are relatively favored by the policy, are given by

dct
t
w\k’zwﬂk )

t>k

EﬁD = Covy

where individual weights wfk are defined in (16).

Normalized Individual Weights. The individual weight wfk captures the value that a
planner assigns to the gains of a individual ¢ in units of the welfare numeraire from a particular
perspective k, shaping the welfare gains due to redistribution. The left panel of Figure 4 shows
the evolution of these weights over time . The ratio wﬁ / wr,‘{ represents the planner’s relative

valuation of the two individuals in units of welfare numeraire. This ratio peaks at about

1.25
0.75

is largest between individuals, before converging back to 1 by date T = 12. At date T = 4,

~ 1.67 at date T = 4, the date at which the difference in terms of permanent consumption

the planner values giving a unit of numeraire to individual B by 1.67 more than to individual
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Figure 4: Individual and Dynamic Weights (Application 1)

Note. The left panel of this figure shows the evolution of the normalized individual weights for both individuals
as a function of the assessment date for an equal-weighted utilitarian planner when # = 0. The right panel
shows the normalized dynamic weights as a function of time for two particular assessments: k£ = 0 and k = 10.
The solid blue line corresponds to individual A’s weights, and the green dashed line corresponds to individual
B’s.

A. Consistent with this largest difference, the welfare gains attributed to redistribution are

maximal at the onset of the low-endowment spell (I" = 4), as shown in Figure 5.

Normalized Dynamic Weights. The dynamic weights le . define marginal rates of sub-
stitution for each individual between date-t and perpetual aggregate consumption from a
particular perspective k, and capture whose consumption the planner values more at each date.
By construction, these dynamic weights sum to 1 for each individual because giving a one
unit of consumption at a particular date for all dates is equivalent to providing one unit of
perpetual consumption.'® The right panel of Figure 4 shows the dynamic weights for each
individual for two different perspectives W§| , against calendar time ¢: the ex ante perspective at
date k = 0 and the ex post perspective at date k = 10. Cross-sectional dispersion in normalized
dynamic weights wil . at a particular date indicates that there is scope for efficiency gains from
reallocating consumption. Intuitively, consumption-smoothing efficiency gains can be achieved
by transferring consumption from the individual with a smaller dynamic weight wil . at date ¢
to the individual with the larger one.
0.1

When the low-endowment spell materializes at date T' = 4, % R~ ﬁ = 2.67, so the
4]0 :

18While there are good arguments to use perpetual consumption as welfare numeraire, there are other
reasonable choices of welfare numeraires in this environment, for instance, date-0 consumption.
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Figure 5: Welfare Assessment of Relief Policy (Application 1)

Note. This figure shows how the planner makes welfare, efficiency (intertemporal-sharing), and redistribution
assessments as a function of the assessment date when 6 = 0. The left panel exclusively shows the welfare,

. . . - wiolr dect —_
efficiency, and redistribution assessments that pertain date-10. That is, :{ng = Cov? {wig ) 250}, :{%01‘77 =

i ; A
S|, “olr deig Wiolr _ =IS | =RD : . .
Cov; {wh, o101, b and W = Z10r +H10‘T. The right panel accounts for all future times from a particular

assessment date.

planner regards consumption reallocation towards B to be efficiency maximizing. And since we
have Wﬁo > er?o for t € [4,8], the planner finds a relief policy that transfers from A to B and
that starts at date 4 and expires at date 8 desirable. After 7" = 8, individual B’s consumption
is closer to its long-run/permanent level from a date 0 perspective, so the normalized dynamic
weight of individual B falls below that of individual A. This has the interpretation that it is at
those times when individual B would pay back the early transfer to individual A if possible.
As time goes by, Figure 4 illustrates how the dynamic weights look from a date & = 10
perspective. From this ex post perspective, the worst of the low-endowment spell for individual
B now lies in the past. So while consumption at date 10 from a date 0 perspective was perceived
to be below B’s long-run level, consumption at date 10 from a date 10 perspective now appears
to still be below its long-run level from date 10 onwards. As a result, individual B’s normalized
dynamic weight wﬁm is still larger than individual A’s at dates 10 and 11, unlike from the ex
ante perspective. Therefore, the planner finds it desirable to extend the relief policy ex post

and continue transferring from individual A to individual B until date 12.

Time Inconsistency. Figure 5 illustrates the time inconsistency of efficiency assessments

that emerges in this setting. In particular, the left panel shows how the planner assesses the
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relief policy that materializes at date 10 from different assessment perspectives (horizontal axis).
Consistent with our explanation of dynamic weights, this figure shows that the efficiency gains
attributed to a relief policy at date 10 are perceived to be initially negative, as 51150\0 = E{ao <0
ex ante, eventually turning positive as time goes by, so Zfj s = Z{fs > 0. By date 8, the
planner finds it valuable to extend the relief policy on efficiency grounds. This illustrates the
time consistency forces that lead the planner to extend the relief policy beyond the originally
intended expiration date.

Consistent with our explanation of individual weights, the left panel of Figure 5 also
illustrates that i) the redistribution assessment of the date-10 component of the relief policy
is highest when permanent consumption differences are higher, at 7' = 4, and ii) the overall
welfare assessment of the date-10 component of the relief policy largely remains unchanged as
the assessment date changes, masking substantial variation in its efficiency and redistribution
components. The right panel of Figure 5 shows the assessment of the relief policy as a whole —
that is, not only the impact of the date-10 components, but the impact of the policy over all
future dates — from different assessments perspectives. It shows that the relief policy seems
desirable on both efficiency and redistribution grounds when considered as a whole from all
perspectives. However, our previous analysis shows that this apparent uniformity in the desire

to implement the policy masks subtle economic forces.

5.2 Application 2: Risk-Sharing Policies

This application identifies a different form of time inconsistency that arises when designing
policies to share risks that will materialize in the future. When markets are incomplete, a policy
that transfers resources towards ex-post unlucky agents is perceived as increasing efficiency
from an ex ante perspective, replicating the consumption-smoothing that the agents would
choose if insurance markets were open.

In particular, in a symmetric economy with two ex-ante identical agents that consume at
a terminal date, the ex-ante efficiency-maximizing policy would transfer resources from one
agent to the other in half of the terminal histories. Over time, uncertainty is partially realized,
becoming clear than one agent will do better than the other at the terminal date. Hence,
at interim dates, the new efficiency-maximizing policy calls for reversing the direction of the
transfer in intermediate histories, which were bad in relative terms for one of the agents ex-ante,

but that now are perceived as relatively good scenarios from the new perspective.'” While

9Note that in this application we focus on the inconsistency of risk-sharing (efficiency) assessments before
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ex-ante symmetry helps to present the results, similar forces apply when agents are ex-ante
different.

The result is a dynamic inconsistency in the design of risk-sharing policies: transfers that
were initially desirable on efficiency grounds are later dismantled ex post. A salient example
of the time inconsistency forces studied here is the Stability and Growth Pact (SGP) and
related mechanisms aimed to insure EU member states against shocks through common rules,
access to credit, and ECB support. Ex-ante, all EU countries were perceived to face similar
risks. However, between 2008 and 2011, Greece and other peripheral countries experience
worse-than-expected macroeconomic shocks. This led to a shift in beliefs: future states that had
been considered “bad” for peripheral countries ex ante were now seen as relatively favorable,
given the realization that these countries would systematically experience worse outcomes
overall. As a result, EU support policies began requiring countries like Greece to contribute
more — for example, through austerity measures — in these relatively good states, contrary to
the original plan.

But the time inconsistency problem identified here also emerges in other situations in
which agent share risks, including i) relief policies against natural disasters (e.g. FEMA), ii)
student loan forgiveness plans, iii) sectoral labor market support policies. In each case, policies
designed ex ante to better share risk among similar agents in some states are perceived as
counterproductive for risk-sharing purposes once time has gone by and it is clear than one of

the agents will systematically be worse off.

5.2.1 Environment

We consider a finite-horizon economy with dates t € {0,1,...,T}. There are two individuals
with identical preferences, indexed by i € {A, B}, and there is a single good that appears as

an endowment.

Preferences and Endowments. Both individuals exclusively consume at the terminal date

T. Individual’s 7 utility at date T is given by

Vi(n) = u (cp(n)) .

a terminal date. Once all risks are resolved, efficiency gains are zero, and welfare assessments can only only
driven by redistribution.
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Figure 6: Consumption Profiles (Application 2)

Note. This figure shows consumption for individual A (green dashed line) and individual B (solid blue line)
before (left panel, § = 0) and after (right panel, § = 0.75) a relief policy is implemented.

where n indexes the state of the economy. Individual i’s endowment at the terminal date T" in

state n, denoted by y¥-(n), is given by

)

yr(n) = xp(n)yr,

where % (n) denotes 4’s share of the aggregate endowment yr, normalized to yr = 1 regardless

of the state. We assume that A’s endowment share is given by

Xt(m)=xo+g-n—g-(T—n),

where x% (n) =1 — x# (n), where xo, g, and g are positive parameters, and where the state
evolves as a binomial process. That is, at each date ¢, the state either increases by one with
probability ¢ € [0, 1], or remains the same with probability 1 — ¢, starting from an initial state
n = 0. Therefore, there are n = T possible states at the terminal date.?’ Hence, from the

perspective of an earlier date t < T', individual ¢’s utility satisfies the recursion

Vi) =qVia (n+1) + (1= q) Vi (n),

20The probability of reaching state n at date t starting from state n at date ¢ follows a binomial distribution,

with A
t —An
s (k) = (g0 )4 (1= )2

where An=n—-—nand At =t —t.
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reflecting the binomial evolution of n. That is, while consumption exclusively takes place at
date T, the realizations of the binomial process before then convey information about individual

endowments, shaping normative assessments.

Risk-Sharing Policy. Considering a financial autarky scenario, as in Application 1, individ-

ual 7’s consumption at date t in state n is given by
cr(n) = yr(n) + 0Mrp(n),

where M/ (n) represents a state contingent policy that transfers resources from the lower
endowment to the higher endowment individual. Formally,
1

M (n) = 3 (y2(n) —y#(n)), where MF(n) = —MZ(n).

As 6 — 1, both individuals consume identical amounts. Figure 6 shows the consumption
profiles for both individuals without the risk-sharing policy (6 = 0) in the left panel, and once
partially implemented (0 = 0.75) in right panel.

el
I—y
a date in the model as one year, setting a discount factor g = 0.95. We assume that T = 20,

Parametrization. We assume isoelastic preferences u (¢) = , with v = 2, and interpret
g = 0.5, making up and down moves equally likely, and set g = g = 0.02, so that the highest

and lowest possible terminal consumption shares for individual A are 0.9 and 0.1, respectively.

5.2.2 Weights, Assessments, and Time Inconsistency

We study welfare assessments of the risk-sharing policy M under an equal-weighted utilitarian
social welfare function. Normalized welfare gains from the perspective of state m at date k can

be expressed as

AWy, . . dci. (n)
|k.m i i T
do - ; w|k,m ; wT|k,m (n) do )

where 7’s normalized individual weight and state n’s normalized dynamic weight — both
from the perspective of date k and using perpetual consumption as welfare numeraire— are
respectively given by
: i (nlm) v (c& (n , T (n|m) o’ (e (0
i = o ) ) (e ()
" X Ty (nfm) u! (¢p (n)) ’ Xa mrj (2fm) w' (¢ (7))

Normalized welfare gains from the perspective of state m at date k can be decomposed
A

lkem __ —=RS —RD :
0 = Zem + Sl Efficiency and

(17)

into efficiency and redistribution components, where
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Figure 7: Individual and Stochastic Weights (Application 2)

Note. The left panel of this figure shows the evolution of the normalized individual weights assigned by the
equal-weighted utilitarian planner to individual A (solid blue) and B (dashed green) over time when the state
is n =0 and when # = 0. As times goes by and the state remains at 0, the planner assigns a higher weight to
individual A, who is more likely to be worse off at the terminal date. The right panel of this figure shows the
stochastic weights associated with the terminal date when the state is n = 0 at two particular assessments
times: ¢ = 0 and ¢ = 10. The solid blue lines correspond to individual A’s weights and the green dashed lines
to individual B’s.

redistribution gains — using unconditional consumption across all states at date T" as welfare

numeraire — are thus given by
—RS __ Cov® i dCiT (n) d =B — Cov® |t i dCiT (n)
Slkm T Z oV |Wr|km (n), a0 and =g, = oUWk s ZWT\k,m (n) —dh
n n
Since this is a single good deterministic economy, all efficiency gains are due to reallocating
resources towards individuals with relatively higher valuations for consumption at particular

. . . —FE __ —RS
states, that is, they are due to risk-sharing, so = = =7, .

Normalized Individual Weights. The individual weight wfk’m captures the value that
a planner assigns to the gains of individual ¢ in units of the welfare numeraire, from the
perspective of date t and state m. The left panel of Figure 7 shows the evolution of these
weights over time when the state remains as n = 0, a situation in which A continuously
experiences negative shocks. Ex ante, when agents are symmetric, individual weights begin
equal, but diverge as uncertainty is partially resolved against individual A. As early realizations
of the state process imply that A is doing increasingly worse, then W\é,o > W\Ej,o reflecting the

planner’s higher valuation of consumption for agent B. This valuation captures the increased
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concern for the individual who is becoming worse off.

Normalized Stochastic Weights. The stochastic weights wrf” k.m (1) define marginal rates
of substitution between consumption at terminal state n and unconditional consumption across
all terminal states, conditional on being at state n at date k. By construction, these weights
sum to 1 for each individual. The right panel of Figure 7 shows the stochastic weights for each
individual from two different perspectives: an ex ante perspective at date 0 and state 0 and an
ex post perspective at date 10 and state 0. Cross-sectional dispersion in normalized stochastic
weights indicates that there is scope for efficiency gains from reallocating consumption at
particular terminal states. Intuitively, consumption-smoothing efficiency gains can be achieved
by transferring consumption from the individual with a smaller stochastic weight at a particular
terminal state to the individual with the larger one.

Initially, a policy that reallocates consumption from individual B to individual A in the
terminal states [0,10) and from A to B in the terminal states (10,20] is desirable from an
efficiency perspective. This is precisely a risk-sharing policy that supports the individual with
the worse ex-post realizations. As time goes by, in a situation such as the one shown in the
right panel of Figure 7, individual A has only received bad news between date 0 and date 10.
From that point onwards, the terminal states 5 through 9, which were relatively bad from
an ex ante perspective, are now relatively good states. This is reflected on the fact that the
stochastic weights in those states are higher now for B relative to A. Therefore, if allowed
to reassess the policy at date 10 and state 0, the planner would find policies that reallocate

consumption from individual B to A in the terminal states [0, 10] undesirable.

Time Inconsistency. Figure 8 illustrates the time inconsistency in the planner’s efficiency
assessments. The left panel plots the efficiency, redistribution, and welfare gains associated
with the impact of the policy on the terminal state 6, as perceived from different assessment
dates when the state remains n = 0 at all times. Initially, the policy of reallocating resources
from B to A in the terminal state 6 appears desirable on efficiency grounds, as it generates
risk-sharing gains from an ex ante perspective. However, as time progresses and the likely
endowment distribution across terminal states shifts, the planner’s assessment changes. In
particular, if the state remains at n = 0 as times goes by, the planner understands that it is
more likely that individual A will have a lower endowment compared to B at the terminal date.
As a result, transferring resources from B to A in state 6 ceases to be efficiency improving, as
those are states in which A should compensating B for the desirable risk-sharing transfers in

the really bad terminal scenarios. This is a form of time inconsistency: transfers that were
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Figure 8: Welfare Assessment of Risk-Sharing Policy (Application 2)

Note. This figure shows how the planner’s welfare assessment of the risk-sharing policy changes with the
assessment date when § = 0. The left panel isolates the welfare gain of the policy in a given terminal state
n = 6, decomposed into efficiency /risk-sharing (blue), redistribution (red), and the total welfare gain (yellow).
While initially justified by risk-sharing, transferring resources from B to A at the terminal state 6 eventually
becomes undesirable. The right panel reports the assessment of the entire policy, showing that although total
welfare gains remain non-negative, its components change over time.

optimal ex ante are dismantled ex post. A real-world example is the shift in EU support
policies after the 2008 financial crisis. Ex ante, support was motivated by symmetric risks. But
once peripheral countries like Greece experienced systematically bad outcomes, future “bad”
states were perceived as relatively good — leading to less generous transfers and conditionality
requirements.

The right panel of Figure 8 shows the assessment of the risk-sharing policy as a whole—
not just to a specific terminal state. It illustrates the evolution of the assessment from the
perspective of a fixed state n = 6. While the total welfare gain from the policy is consistently
positive (due to the use of a utilitarian welfare function), its composition and overall values
change significantly over time, in particular due to redistribution considerations. Starting from
date 6, if the economy is state n = 6 this means that individual A is likely to be better off at
the terminal date, which makes the policy good for redistribution purposes. As time goes by
and the economy remains at the state n = 6, this is bad news for A, so redistribution gains for
the policy become lower until ¢ = 12. As time evolves, if the state remains at n = 6, then it is
more and more likely that individual B would do well at the terminal, increasing again the

redistribution gains from the policy. When accounting for all terminal states, the right panel
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Figure 9: Consumption Profiles and Individual Weights (Application 3)

Note. The left panel shows consumption for individual A (green dashed line) and individual B (solid blue
line) after (right panel, # = 0.5) the aggregate investment policy is implemented. The right panel shows the
evolution of the normalized individual weights for individual A (green dashed line) and individual B (solid
blued line) as a function of the assessment date for an equal-weighted utilitarian planner when 6 = 0.

of Figure 8 shows how the overall risk-sharing gains slowly decrease in magnitude as time goes
by, although our previously analysis shows that this effect masks changes in the risk-sharing

gains at particular states relative to others.

5.3 Application 3: Aggregate Investment Polices

This application identifies a third form of time inconsistency that arises in heterogeneous agent
economies. [t shows that persistent trends in consumption inequality — either increasing or
decreasing inequality — make efficiency-maximizing planners present biased, reducing their
willingness to undertake future aggregate investment policies as time unfolds.

Two conditions make an efficiency-maximizing planner present biased. First, consumption
trends are needed. Consumption trends endogenously determine whether an individual is more
or less patient, which in turn determines the willingness-to-pay for an investment policies,
with increasing-consumption individuals being more impatient than shrinking-consumption
individuals. Second, individual permanent consumption must change over time, which pins
down whether an individual is willing to pay more or less for the policy in relative terms as
time unfolds.

With increasing inequality, the shrinking-consumption individual is always more willing to
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undertake investment policies, but disproportionally less willing to pay for them as time unfolds,
as he becomes relatively poorer in permanent terms over time. The growing-consumption
individual is instead always less willing to undertake investment policies, but disproportionally
more willing to pay for them as time unfolds, as he becomes relatively richer in permanent
terms over time. Given these patterns, efficiency gains from aggregate investment policies
disproportionally represent the valuation of more impatient individuals as time unfolds, making
these policies less attractive over time.

This reduction in aggregate-efficiency gains over time gets compensated by an increase
in the redistribution gains: the aggregate investment policy disproportionally benefits the
shrinking-consumption individual, and this individual becomes poorer on a permanent basis as

time unfolds, increasing the redistribution gains.

5.3.1 Environment

We consider a deterministic infinite-horizon economy with dates ¢t € {0,1,...}. There are two

individuals with identical preferences, indexed by i € {A, B}.

Preferences and Endowments. Individual ¢’s lifetime utility from the perspective of date
k is defined as

Vi=>" By (cﬁ) .

t>k

Individual 7’s endowment at date ¢ is given by
Y = XY
where y; = 1 denotes the aggregate endowment, and where X! denotes individual 7’s endowment

share at date t. Individual A’s endowment share starts at x7' = XA and exponentially converges

to x{ = x*, where a parameter ¢ > 0 controls the speed of convergence. Formally,
Xit=e Vi + (1 — e_“’t> XA
Individual B’s endowment share is given by y2 =1 — xZ.

Aggregate Investment Policy. Individual i’'s consumption at date ¢ is given by

¢, =y +0M;,
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Figure 10: Discount Factors (Application 3)

Note. The left panel shows individual and aggregate discount factors between dates ¢t and ¢ + 1 as a function
of time from two different perspectives: k = 0 and k£ = 10. Individual discount factors, solid blue for A and
dashed green for B, are identical regardless of the perspective. Aggregate discount factors between any two
dates are lower as time goes by. The right panel shows the relative dynamic weights for both individuals from
two different perspectives: £ = 0 and k = 10. Relative dynamic weights are critical to determine the evolution
of aggregate discount factors, as shown in Equation (19).

where M} captures the consumption impact of an aggregate investment policy. There exists
the possibility to invest 1 unit of consumption at date 7, receiving a return of z units at 7 4 1,

where the cost and benefits of investment accrue symmetrically to each individual, so

o1 ) 1
M,Tz_ = §M,7- =—1 and M;—l—l = §M{—+1 = Z.
Parametrization. We assume isoelastic preferences, with u (¢) = cf_:: and v = 2, and

interpret a date in the model as one year, setting a discount factor g = 0.95. We calibrate the
convergence parameter to ¢ = (In2) /4 so that the half-life — the time it takes for the gap
between x7* and Y to close — is 4 years. The investment policy is made at date 7 = 12, and
has a gross return z = 1.05. Given this calibration, we consider policies such that 6 € [0, 0.5],

to ensure that individual consumption is strictly positive.

5.3.2 Weights, Assessments, and Time Inconsistency

We study welfare assessments of the aggregate investment policy under an equal-weighted
utilitarian social welfare function. Normalized welfare gains, efficiency and redistribution gains,

normalized individual weights, and normalized dynamic weights are defined as in Application
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1. Because we now consider a policy that impacts aggregate consumption and symmetrically
impacts both individuals, efficiency gains are now solely due to aggregate efficiency. Formally,
we can express efficiency gains as

ER=E =22 w t\k d9 = WrpiZ — Wek,  Where  wap = 2wy, (18)

i t>k
with dynamic weights wfl . defined as in (16), and where the second equality follows from the
form of the particular policy considered. It follows directly from (18), that it is desirable to

carry the aggregate investment policy from a date k perspective as long as

7 1 7 W; L
Yritlk o 2 where M_,Z T+1+COZ[ lk,wﬂf]. (19)

1
Wr|k z Wz |k Wr Wz Wr

Since individual preferences are time-consistent in this case, the term ;*1 does not depend
on the perspective k, highlighting that the aggregate discount rate varies depending on the
perspective k depending on whether individuals with higher relative dynamic weights for date

7 are those with higher discount factors between 7 4+ 1 and 7, as we further illustrate below.

Normalized Individual Weights. The individual weight wfk captures how much the planner
values the welfare gains of individual ¢ in units of the welfare numeraire from the perspective
of date k. The right panel of Figure 9 shows the evolution of the individual weights over time.
Because individual B’s consumption share is declining over time, his normalized individual
weight increases: the planner assigns more value to the gains of the poorer individual. In
contrast, individual A’s growing permanent consumption makes his weight decline. This increase
in the dispersion of individual weights over time contributes to explaining why redistribution

gains in importance as the assessment date advances.

Discount Factors. Because in this application we consider an aggregate investment policy,
we show the behavior of the discount factors, which are in turn a function of normalized
dynamic weights. The left panel of Figure 10 shows individual and aggregate discount factors
between dates 7 and 7 + 1 as a function of time from two different perspectives: £ = 0 and

T . . T . wi
k = 10. Because individual preferences are time-consistent, individual discount factors, —=,
:

are invariant to the time of the assessment. Intuitively, the growing-consumption individual A
discounts the future more aggressively than individual B, who has a discount rate even higher
than unity.

However, aggregate discount factors between any two dates are lower as time goes by, which

generates a form of present bias and is the source of time inconsistency in this application.In
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order to understand why aggregate discount factors are lower over time, it is useful to show the
relative dynamic weights — which are critical to determine the evolution of aggregate discount
factors, as shown in Equation (19) — from both perspectives: k = 0 and k£ = 10. Relative
discount factors capture the relative valuation of an individual between date 7 and permanent
consumption from different perspectives. Intuitively, as time goes by, individual A values
more consumption at a given date relative to permanent consumption, since he is becoming
richer. The opposite occurs for individual B. This explains why the aggregate discount rate

approaches the individual discount rate of A as time goes by.

Time Inconsistency. Figure 11 illustrates the resulting time inconsistency in the welfare
assessments of aggregate investment policies. The left panel show shows the efficiency, redistri-
bution, and total welfare gains from the policy. Ex ante, the efficiency gains from the policy
are strictly positive, as the returns from the investment policy are applied a higher discount
factor (lower discount rate). As time goes by, the shrinking-consumption individual B — who
is is always more willing to undertake investment policies — becomes less willing to pay for the
policy, as he becomes relatively poorer in permanent terms over time. Hence, efficiency gains
from aggregate investment policies disproportionally represent the valuation of more impatient
individuals as time unfolds, making these policies less attractive over time. Figure 11 shows
that the investment policy, carried out at date 7 = 12, is perceived to be efficiency-increasing
between dates 0 and 4, but efficiency-decreasing after date 4.

Figure 11 also shows that this reduction in aggregate-efficiency gains over time gets
compensated by an increase in the redistribution gains: the aggregate investment policy
disproportionally benefits the shrinking-consumption individual (with a higher individual
weight), and this individual becomes poorer on a permanent basis as time unfolds, increasing
the redistribution gains.

The right panel of Figure 11 reports the implied hurdle rate for an aggregate investment
policy when assessed at different times. This is another way of illustrating the time-consistency
of efficiency assessments. Initially, at date 0, investments made at date 12 with an (annual)
return of roughly 4% or higher are found to be desirable from an efficiency perspective. By
date 12, only investment with an (annual) return of roughly 6% or higher are found to be
desirable from an efficiency perspective.

We conclude this application with two remarks.

Remark. (Time Inconsistency with Shrinking Inequality) The same form of present bias time

inconsistency applies in economies in which individual consumption profiles converge. As in
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Figure 11: Welfare Assessment and Investment Hurdle Rate (Application 3)

Note. The left panel shows the welfare (yellow), efficiency/aggregate-efficiency (light green), and redistribution
(red) assessments of the aggregate investment policy as a function of the assessment date when 6 = 0. Over time,
the efficiency gains from the policy shrink and turn negative, illustrating the present bias and time inconsistency
of the planner’s efficiency assessment. The right panel shows the corresponding efficiency-maximizing investment
hurdle rate as a function of the assessment date, that is, the rate of return of that makes the investment
desirable from an efficiency perspective. As time goes by, the hurdle rate increases, illustrating the present bias
and time inconsistency of the planner’s efficiency assessment.

the growing inequality case, the shrinking-consumption individual is always more willing to
undertake investment policies, but disproportionally less willing to pay for them as time unfolds,
as he becomes relatively poorer in permanent terms over time. The growing-consumption
individual is instead always less willing to undertake investment policies, but disproportionally
more willing to pay for them as time unfolds, as he becomes relatively richer in permanent terms
over time. Efficiency gains from aggregate investment policies disproportionally represent the
valuation of more impatient individuals as time unfolds, making these policies less attractive

over time.

Remark. (Relation to Jackson and Yariv (2014, 2015)) Jackson and Yariv (2014, 2015) show
that when individuals have heterogeneous discount factors, utilitarian welfare assessments are
time inconsistent. In this application, individuals have identical preferences so utilitarian welfare
assessments are time-consistent. However, the inconsistency of efficiency and redistribution
components in this applications has a resemblance to the Jackson and Yariv (2014, 2015) result.
Intuitively, when individuals have identical preferences but experience different consumption
profiles, they endogenously have different discount factors when expressed in consumption

units, not utils. This difference in valuations is the source of the time inconsistency identified
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here.

6 Conclusion

This paper systematically studies the time inconsistency of welfare assessments in economies
with heterogeneous agents, establishing three central lessons for applied work.

First, even when individual preferences are identical and time-consistent (Strotz, 1956),
and forward-looking behavior of the form identified in Kydland and Prescott (1977) is absent,
only utilitarian social welfare functions ensure the time consistency of welfare assessment
due to interpersonal welfare comparisons. Non-linear social welfare functions lead to time
inconsistency because the weights assigned by a planner to different individuals’ utility gains
vary over time.

Second, it is generally not possible to make time-consistent efficiency assessments that
satisfy the compensation principle in heterogeneous agent incomplete markets environments,
even when all other requirements for consistency are met. Therefore, while a utilitarian planner
consistently assesses policies, the justification on grounds of efficiency and redistribution varies
as time passes and uncertainty is realized. For instance, a policy justified ex ante on efficiency
grounds, perhaps by improving risk-sharing, may be desirable ex post solely for redistributive
reasons. This impossibility result requires the incompleteness of markets and the use of
forward-looking units to express efficiency assessments, conditions that lead to changes over
time in the rates at which individuals translate utility gains into consumption equivalents.

Finally, all sources of efficiency gains are prone to time-inconsistency problems when markets
are incomplete — unless a perturbation solely impacts aggregate net consumption at a single
point in time. Applications to i) anticipated relief policies, ii) risk-sharing policies, and iii)
aggregate investment policies illustrate how efficiency-based interventions are systematically

challenged by the evolving nature of welfare assessments.
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ONLINE APPENDIX

A Proofs and Derivations: Section 2
Equilibrium Characterization at ¢ = 0. Individual optimization implies that

g
Ugo = —UcnWo

uh | = —uf},l(l — T)w 2.

Profit maximization implies that w; = 1. Note that the choice of the optimal tax has no impact

on the allocation in period 0.

Ex-Ante Optimal Policy. From a date-0 perspective, the Ramsey problem is to choose a

tax rate 7 to maximize social welfare subject to the competitive equilibrium conditions. At an

aWpy __

7> = 0, which can be equivalently expressed

optimum, the necessary optimality condition is

in units of welfare numeraire as

11d AV
/ VOdz—i—CovZ [wé, VO]:O,

fol 0060 d’L dT AZ dT dT

where normalized individual weights are given by wj = f w -. This expression decomposes
0
the welfare gain % into an efficiency and a redistribution gain. For any choice of social

welfare function W(-) and for any choice of welfare ex ante numeraire A}, the RHS of the above
covariance is constant across ¢ because individuals are identical from a date-0 perspective.
Therefore, the impact of anticipated tax policy is symmetric across individuals. The covariance
term thus vanishes.

Next, we plug in for lifetime utility and rewrite the Ramsey FOC as

LAV Cddar 1 - Tde e
Ldve g E i di T OE 1 - 1)z
o N dr " xﬁ 0[“(1 + U, d] i= ), nPEow [dT (L=m)a g

di,

where we use the fact that tax policy has no impact on the date 0 allocation, and the third
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line uses household ¢’s date 1 FOC. Now we decompose the valuation as follows
d ~dl
0 —/ EOBUCI l A (1—7)z; 1] di
dr

= 1—7)2¢ d
/ 0 g Eoﬁucjl) T ( 7)% dr !

= E & & 1—7)2t d
/0 0{ Ay (Eouéyl) dr ( )% dr b

where sometimes for convenience we use the shorthand notation

5(E0ui,1) and o — ui,l
Ao ! (Eoug,1)

T __
wli

where @! is a random variable from a date-0 perspective, whereas w! is not.
Next, we swap the expectation operator and perform a cross-sectional covariance decompo-

sition

1 B(Eouz 1) ui 1 dcll dgll .
0=E / Dot) Do —(1-nAT g
°Jo TN (Boui,) | dr (L=m)ag |

L B(Eour,,) . Lol [de Al
— M N i d / . L, 1 — 3 d
</0 b ! o (Eoui,)|dr (1=7)2 ar | ¢
B(Eul,)  uiy  [dd) Al
- _© - 1— ¢
—l—Covz( N ) (EOUZJ) I ( T)2 dr

is constant across all . That’s because households are symmetric from the

( 0 L1)
0
perspective of period 0: they behave exactly the same in period 0, and they are still the same

Notice that

in expectation in period 1. Therefore, the covariance term here vanishes. And we are left with

bk, [de e
0= = 1— ! d
“t o Eoué,lldT (1=7)2 ar |
where we set
o = 6(E0u2,1)
1 A%) )

which is the same for all .

One final cross-sectional covariance decomposition yields

" SRR dt ul, de dl}
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Notice that

due to a law of large numbers.

Now notice that the individual budget constraint implies
dct LA .o dT
dcfl =(1-7) - 40+ —,

Gy ALt
L+ T%. Therefore, we have

_ ! R “Zc i gi
0= w1 /0 [ — Zlfl + Cl7"| di + wlCovi (m, —2151)

dL : o
= @17'?1 ~+ w;Cov; (%1 7’ —zile) ,

where Z—T =
T

T (Eoué,l

where the second term in the first equality follows because dT is constant across individuals

and therefore drops out from the covariance. We can now write this as

0=7—— —Cov;| =5, 2111 |,
Tar T ((Eouz,1> o )

which corresponds to equation (4) in the main text.

Ex Post Optimal Policy. The relevant optimality condition at t = 11s up, = —u/ (1 —7)z].

At an optimum, the necessary optimality condition in dgfl = 0, which can be written as

1 d 114V} ,
— " = Vi di + Cov; |wi,
Jo ozzl)\zl di dt 0 )\’ dr

Lav;
Aodr |

where we define w} = from the perspective of date 1. The only reasonable numeraire

fo ol )\z

in this case is period 1 consumptlon, so we have
i i
Al = Ueq
We can write efficiency as

1 1 1 7 7
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where the last line follows due to A} = u/,. We now use the individual budget constraint, then

the government budget constraint, and aggregate, yielding

L[dc A s AT
/O[dT—(l—T)zld ]dz-/o [—21€1+dT]dz

i
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Therefore, we have the ex post optimality condition
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And finally, we have
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This leaves us with
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which corresponds to equation (5) in the main text.
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B Proofs and Derivations: Section 4

Proof of Proposition 1. (Inconsistency of Welfare Assessments: Single Agent)

Proof. The result is a special case of Proposition 2. With a representative agent and I = 1, we

have o, = 1 without loss for all s. Therefore, we can decompose the ex ante assessment as

dWSo ior AW
k
+ﬂkﬂ(sk)<d%;és ) _ d;;)
act t] 0
PSS sl el D
t>k st}sk
act t] o0
£ Y Y (el 21
0<t<k st

7 Btﬂ(st)%‘/—;t is for the second, third or fourth lines to

be non-zero. This requires that one of the conditions (i) — (iii) in Proposition 1 is satisfied. [
Proof of Proposition 2. (Inconsistency of Welfare Assessments: Heterogeneous

Agents)

Proof. We prove the result for welfare assessments from a date-0 perspective (without loss of
generality) to make the notation easier. Consider three dates 0 < k < T. We compare welfare
assessments of the perturbation dfr(s”) for a particular history s”. We simply refer to this

perturbation as “df”, again to make the notation easier. From a date-0 perspective and history

s?, we have

dWso dVo dCi(s',0]s )

=2l X )

From the perspective of some history s* at the later date k, we have

AW g

df :Z

—ZMZ Z 5@ t k(g | sk)u’(ci(st))acg(sé:"s )

1>k st>sk

Notice that we simply use ci(s’) when writing marginal utility rather than the consumption
function. When evaluated at the status quo, the consumption allocation (in levels rather
than changes) does not depend on the perspective of the assessment, which lets us write

Ci(st,0|s%) = Ci(st, 05" = ci(s), when evaluated at a particular 6.
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We now derive an expression that constructively isolates each potential source of time

inconsistency. [

First, we look at the interpersonal welfare comparison source. Notice that we can write the
ex ante assessment as

dWSO

i 0Cy(s" | s°)
Sl 55 s s ) T 5
1 aci(s'| s°)

N e i Nt (b (it TS 15T ;aéo AV
- (fzai);askzt:;(ﬁ)ﬂs W) =g + Con (aik’ T )

Next, we look at the Kydland-Prescott source .We now split the sum >, >, of the first term.

We can write

oci(s'| )
){zaskz S () r(s el (citst 21D

t>k st>sk

el VO

(2

dW o _ (1
aci t 0
DI ICLECT t>>t<§9'3)
1>k st $ sk
8Cf(st|so)}

P X0l 3 S we ()

0<t<k st

5[ Ao dv
+ Cov; (as. ol d@)

Notice that the second and third lines correspond precisely to conditions (i) and (ii) of

Proposition 1.

Next, we define the continuation lifetime utility from s* onwards but from the perspective
of s% as
) ) acz t| <0
=3 Y (Bl | ) ZEE )

t>k st>sk
In other words, the only difference between this and the actual lifetime utility from the

perspective of s*, ., is that the consumption function is evaluated from different perspectives.

Proof. Also notice that for each individual ¢ we have

(B)'m(s") = (B)'m(s") - (8) Fm(s" | s").
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Using this, we can write

; aC;(s" | s*)
){ZMZZ (8 (ci(s ))T

t>k st>sk

AW 1
do

i

IC;(s"| s OCi(s"| s*
DS LIERHEE >>( ;,; ) lel)

X0 T X (s )

t>k st#sk

DD 3 SCEENCTE >>ac(%')}

0<t<k st
aio - d Z0

+ Covy” =, ag— |,
aly do

AWe (1

do IZ

7

or simply

. dVﬂ

+ Zaik(ﬁi)kﬂ(sk)<d iés ) _ dgg)
9Ci(s']s°)

+ 0 3 ()l )

t>k stpsk

+Xol ¥ TS ct<s>>acgy”}

0<t<k st

a - dV!

5 0 0

+ Cov;” | ==, ap—>-|,
aly df

where the second line corresponds to condition (iii) of Proposition 1 and the last line corresponds

to condition (iv) of Proposition 2. O

Common discount factor. We conclude the proof by assuming a common discount factor

B* = 3 as in the main text. In that case, we have

de

ZOék ﬁl d6 = ZOJS)@

Therefore, the first line above becomes

dV i AW g

= (s

1 AW

<1 2 ak) (") =g

3 S

>0
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This tells us that we can express the ex ante welfare assessment d‘;[;so as a function of the ex

dW i
o

will never be a source of time inconsistency. This concludes the proof. Heterogeneity in 3

post assessment . The scalar coefficient here is necessarily strictly positive. So this term
implies that aggregation of discount factors can lead to a time consistency problem as discussed

in Jackson and Yariv (2014, 2015).
Proof of Proposition 3. (Inconsistency of Efficiency Assessments)

Proof. We consider the Kaldor-Hicks efficiency assessment of a perturbation dfr(s”), which
we refer to simply as “df” to make the notation easier. As in previous proofs, we compare the
ex ante assessment at s” with ex post assessments at arbitrary histories s*.

The ex ante efficiency assessment can be written as

5 1 dVj
“S”‘zi: i do

s0
_Z)\ik 1 dV}
R
e d Y 1 Vi N 1 aVi
=1 = 3 : = Cov; 3 . 5
(1; ;0>;A;k a (A N, d9>

The covariance term corresponds precisely to condition (v) of Proposition 3.
We can now rewrite the first term, splitting the sum, as
1\ 1 dV?
—FE — - sk : k k sk
- (1) (e
1 k k d sio (Sk) d‘/slk
> gkﬁw(s)< T
1 : . o OCH(s"] 8Y)
+ Z i Z Z (B")'m(s")u (ci(s")) tiae
i sk t>k StZSk
1 , , ACi(st|s°
D D3 Z(ﬁl)tﬂ(st)U’(Ci(st))t(agH}

i sk 0<t<k st
Ay 1 advy
Covy | =5, ——22|.

Lines two, three and four correspond precisely to conditions (i) — (iii) of Proposition 1. And

the last line corresponds to the new numeraire inconsistency condition (v) in Proposition 3.

Finally, notice that Assumption 4.1.2, which rules out time inconsistency a la Kydland-
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Prescott, implies

dsio_ k kdv;zk
=P

Under 4.1.2, therefore, we have

1 Al Ay 1 dV
=E _ | = sk k k = k k z sk : sk
= (I 2 ;o)ﬁ me)% + Fim(s)Con ()\ X, do )
corresponding to equation (13) in the main text. O

Proof of Theorem. (Impossibility of Time-Consistent Efficiency Assessments)

Proof. 1t is sufficient to prove this result under Assumption 4.1.2, which rules out time
consistency problems & la Kydland and Prescott (1977). Under 4.1.2, time inconsistency is

therefore governed by the value of

i (1

i vy (s1)

Con, | 20, Z—
)\so sl

Restricting to forward-looking numeraires, which means that A2, must be a function of {c}(s%)} > kst
Suppose that the forward-looking numeraire at date 0 includes date 0 consumption. See foot-
note 4.2.3 for a discussion of why this assumption is without loss since the Theorem is “for all
df”. Under incomplete markets, we will therefore be able to find a pair of histories at which
individual MRS are not equalized, which then also implies that

Y

%
$0

are not equalized in the cross section. And since different perturbations are associated with

AN
X, o
equation (13) is sufficiently large as to change the sign of ZZ relative to Z%. Hence, it is

different values of we can always find a perturbations such that the second term in

possible to find a perturbation for which the efficiency assessment based on a forward-looking

numeraire is time inconsistent. OJ

Properties of Welfare Numeraires. Here we formally establish the following two properties

of welfare numeraires.

(i) The perturbation df is Paretian with transfers in units of a forward-looking numeraire if

and only if Z5 > 0 in units of that numeraire.
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(ii) It is impossible to find feasible perturbations from Pareto efficient allocations that satisfy

=5 > 0 for any forward-looking numeraire.

To prove (i), note that if a perturbation df is a Pareto improvement, then it must be that

v o . . o
- > 0 for all 4, with at least one inequality. Therefore, the sum of individual welfare

gains expressed in any valid (with \Y, > 0) welfare numeraire (forward or backward-looking)
1 dVit

must be strictly positive. So we must also have 25 = 3, s > 0. If instead there is a
st
av’ .
feasible perturbation for which =& = 3, ; 7~ > 0 where X, corresponds to a forward-looking
st

numeraire, then it must be possible to transfer resources from winners to losers in units of that
dv’: . . . . . .
X, 7= > 0 for all 4, with at least one strict inequality, while ensuring

that 2 does not change. This direction is only valid for forward-looking numeraires: If we

welfare numeraire so that

chose a backward-looking numeraire, the transfers needed to construct the Pareto-improving

perturbations would not be feasible, as it is impossible to transfer resources in the past.

E
st

To prove (ii), we proceed by contradiction. Suppose that =% > 0 for some feasible
perturbation of a given allocation. Then by virtue of (i), we can reallocate resources among
individuals to find a Pareto improvement with transfers. But this means that the original
allocation was not Pareto efficient, leading to a contradiction. It is important to note that this
result only applies to the set of Pareto efficient allocations that solve the Pareto Problem (first-
best allocations). It does not apply to constrained efficient allocations. If we chose a backward-
looking numeraire, the transfers needed to construct the Pareto-improving perturbations would

not be feasible, as it is impossible to transfer resources in the past.
Proof of Proposition 4. (Inconsistency of Sources of Efficiency)

Proof. a) If markets are complete, risk-sharing and intertemporal-sharing are zero by Propo-
sition 4 in Davila and Schaab (2024). As valuations are proportional, ESA,CE is necessarily
time-consistent.

b) Recall that the history s* aggregate efficiency assessment is defined as

- ACi(s'| s)
E;qu = Zwt|sk Z wt|sk<8t) Z tT
tzk‘ stZSk [
When the perturbation df generates a static aggregate efficiency gain or loss, this means that
ACi (st | s¥)
00

for all t # T and s' # s”. Therefore, we can write the static aggregate efficiency assessment

=0
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for such a perturbation from the perspective of history s* as

_ OCE(sT | s*
:ﬁE = wT|sk W sk (ST) Z T(ae | ) .

When Assumption 4.1.2 is satisfied, then
ACLH(s" | s*)  OCL(sT|s")  ddp(sT)

00 00 g -’

for any s and s*. Therefore, under 4.1.2, the perceived effect of perturbation df on aggregate
consumption at history s’ does not change with the perspective of the assessment. The only
sources of time inconsistency can therefore be the aggregate valuations wys and wyg (sT).
But since A, > 0 and «/(¢j(s")) > 0 for all ¢, s and ¢, these two weights must also be strictly

positive. Therefore, we have

—

—AE _ Wr|s0 @T\s0(5T> —AE
—g0 @Tlsk (I)T‘sk (ST) sk -

>0

This tells us that “static” aggregate efficiency assessments are always time-consistent under

Assumption 4.1.2. O
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C Microfoundation of the Consumption Function

There are I individuals indexed by 7. Time is discrete and we capture uncertainty using the
usual history notation, allowing for both aggregate and idiosyncratic uncertainty. We assume
that each individual i makes a single decision ci(s’) € R at date ¢t and conditional on the

realization of history s'.

Behavior. We focus on environments in which behavior is characterized by a policy function
C (¢,2,X,5,0).
Our notation is as follows:
1z denotes idiosyncratic time-varying state variables (ex-post heterogeneity)
» ¢ denotes idiosyncratic permanent state variables or types (ex-ante heterogeneity)
o X denotes aggregate state variables

o p denotes the “continuation price process”, i.e., a stochastic process with a particular

initialization (see below)
« 0 denotes the “continuation policy process” (see below)

Notice that we refer as “prices” to every (aggregate) macroeconomic variable that affects (the
decision problems of) agents directly. We also introduce the aggregate state X at this point;
while it is not a direct argument of the policy function C(-), it will affect the determination of

prices below. Formally, we have
C:RY x RN x £ x £ — R.

We denote the space of stochastic processes under consideration (initialized in a certain way)
by L. There is a single policy process 6.
Using this consumption function, we can now express individual ¢’s consumption decision
at date ¢ in history s’ as
() = (¢l {00 | ),
£>t,50>st
In other words, given agent ¢’s type and state, and given the pair of stochastic processes p and

§ initialized at p(s') and 6,(s), this policy function determines behavior ¢ (s").
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Environment. The environment is defined as a description of how state variables and prices
are determined. Notice that the permanent types ¢ never change. First, we have idiosyncratic

state variables, which evolve according to the law of motion

xi+1(3t+l) = h(ébia xi(st)a Ci(st),pt(5t>» 0:(s"), 3t+1)
Second, we have the aggregate state variables. We assume they evolve according to the law of
motion

Xena(s) = k(). pu(s"),0(5") {59} v ).

(2
Third and finally, we have macroeconomic prices. We assume that they solve “market clearing

conditions” given by
p(st) = m(Xt(st), 0,(s), {cﬁ(st)}).

We do not let m(-) explicitly depend on s;. This is without loss because, as explained above,
we already allow for the aggregate state X;(s') to depend on s; directly, and so aggregate

“shocks” can always be written as one of the aggregate states.

Dual representation. We now derive what we will refer to as a “dual representation” of
behavior. Notice first that we can iterate on the law of motion for z!(s') and arrive at
i(s") = Hu(a(s7), o {5 pu(), 0c(5) | o)
0<k<t,s0<sk <st
So what matters for the determination of individual ’s state in history s’ is the initial condition
x{(s°), her type, her behavior since the world started, all the shocks she drew, and then the
prices and policies she faced along the way. Crucially, the individual state is backward-looking.
Finally, we index H,(-) by t because the size of the input arguments changes with time. We

have
H, R x R x R' x R"M x R x &' — R
Second, for the aggregate state variables, we can also iterate backwards and arrive at

Xu(s") = K Xa(s"), {pu(s). 000 Ak o)
0<k<t,s0<sk<st 1,0<k<t,s9<sk<st

Notice that in both cases the equalities are strict, i.e., k < t and s* < s*. Notice also that the

aggregate state depends on all agents’ behavior.
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We can now put together the previous equation with the market clearing condition, yielding

pulsh) = M, (XO(SO), {Hk(sk)} , {c;;(sk)} )
0<k<t, s0<sk<st i, 0<k<t, sO<sk<st

Several observations are in order: First, the inequalities are now weak. That’s because p(s")
depends both on contemporaneous policy 6;(s") directly and on prior policy indirectly through
the aggregate state. The same is the case for consumption. Second, one could in principle
subsume the initial condition Xy(s%) directly into the function M(-) since it is policy-invariant.
But since initial conditions will be critical when assessing policy implications from different
perspectives, we leave the dependence explicit here. Finally, we must have the function M,(-)
depend on calendar time because the size of the input arguments changes over time. Notice,

for example, that the second argument of M,(-) is a t x 1 vector. In other words,
My : RN x RE x R — R,

It is a function of vectors (rather than matrices to account for histories) because the only
objects that matter are the realizations of policy and consumption along the realized history.
We can now use the previous expressions and rewrite the law of motion for individual state

variables via H,(-) as
ri(s') = H(h(s"), 0", {ebls"),muls). Ou(s)} o)
0<k<t,s0<sk<st
) ) ) sV<sh<st sV<sh<st . s9<sk<st
= Ht<¢zax6(50)’X0(80)7 {C;c(sk)} ) {0k<sk)} ) {Cljc(sk)} 73t>7
0<k<t 0<k<t j, 0<k<t
where we index brackets {-} by sub- and superscripts only to make the notation more compact.
This notation makes explicit the dependence of z!(s') on consumption decisions through
different channels. At the cost of conflating these channels, we can simplify and arrive at
) 0 0 N sV<sh<st . sV<sh<st
o) = Ho (9,3, Xl {BelsH)} T {d ) ),
0<k<t j, 0<k<t
Finally, we can go back to the policy function that determines behavior. Reproducing from
above for convenience,
i(s) = € (¢l X, {pels) 0N | ).
0>t,5¢>st
Notice that using the price equation, we can rewrite the aggregate state as

Xt(st) _K, <XO(SO)’ {Hk(sk)}SOSSk<St7 {62(8k>}s°§sk<sf’st)

0<k<t i,0<k<t
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Finally, we can plug into the consumption function, which gives us
s0<sk<st s0<sh<st st>st
ci(s) = G0 ab(). Xl {ou) | ) e ) ),
0<k<t j, 0<k<t >t
or simply
st>50
ci(s') =C, (so, {t%(se)} ),
>0
after expressing the forward-looking price process as a function of the policy process. This
derivation illustrates constructively the various channels through which a perturbation in a

policy parameter 6 (s*) affects consumption of different individuals at different horizons.
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