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Abstract

This paper studies optimal second-best corrective regulation, when some decisions cannot be
perfectly regulated. We show that leakage elasticities from perfectly to imperfectly regulated
decisions, along with Pigouvian wedges, are sufficient statistics to determine the optimal
regulation of perfectly regulated decisions. Notably, the optimal second-best policy hinges on
whether perfectly and imperfectly regulated decisions are gross substitutes or complements.
Reverse leakage elasticities from imperfectly to perfectly regulated decisions influence the optimal
regulation and determine the social value of relaxing constraints on regulation — a novel instance
of the Le Chatelier principle. We explicitly characterize the optimal second-best policy in three
practical scenarios: unregulated decisions, uniform regulation, and convex costs of regulation.
Finally, we illustrate our results in applications to i) financial regulation with environmental
externalities, ii) shadow banking, iii) behavioral distortions, iv) asset substitution, and v) fire

sales.
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1 Introduction

Many economic policies are motivated by the desire to correct externalities. However, the
instruments available to policymakers are often imperfect. Financial regulation is a prime example
of this phenomenon. In particular, in the aftermath of the 2008 financial crisis and guided by
theories of corrective policy in the presence of a diverse set of market failures — including fire-sale
externalities and distortive government subsidies (e.g., Lorenzoni, 2008; Bianchi, 2011, 2016; Farhi
and Werning, 2016; Davila and Korinek, 2018) — most economies have expanded the set and scope
of regulations faced by the financial sector. At the same time, many agents and decisions in the
financial system are still imperfectly regulated. These imperfections are often viewed as generating
“unintended consequences”, typically in the form of regulatory arbitrage (e.g., Adrian and Ashcraft,
2016; Hachem, 2018). Hence, a natural normative question is how regulators should proceed once
aware of such imperfections. The associated second-best policy problem appears daunting because,
as we have outlined, there are many possible market failures to consider and many seemingly
disparate imperfections in policy instruments.

This paper characterizes how the presence of imperfect regulatory instruments affects the design
of optimal corrective regulation. We study a broad class of economies, including economies with
financial frictions. Our goal is to identify a set of unifying economic principles for regulation in a
second-best world in which regulation is costly and/or subject to constraints. Therefore, our results
build on and complement the existing theoretical literature on corrective taxation, which focuses

on the properties of particular types of market failures and regulatory imperfections.

General Principles. We initially consider a general model in which many agents make decisions
that may induce externalities. Since our study is partly motivated by applications to financial
regulation, we model these agents as investors who make investment and financing decisions.!
We saturate the model with corrective taxes/regulations that are chosen by a planner and can
in principle be investor- and decision-specific. However, these policy instruments are subject to a
general set of constraints that capture regulatory imperfections. For example, the planner might
i) be unable to regulate certain agents or decisions, ii) be forced to set the same regulation across
different agents or decisions, or iii) simply face costs that are increasing in the size of the regulations,
perhaps capturing political economy limits to regulation.

We first characterize the marginal welfare effects of arbitrary policy changes. We show that
these effects are determined by two sets of statistics: Pigouvian wedges and policy elasticities.
Pigouvian wedges correspond to the difference between the existing corrective regulation associated
with a particular decision and the marginal distortion (externality) generated by that decision. A

positive (negative) wedge implies that a decision is overregulated (underregulated), in the sense

!This leading case is the most challenging to analyze, because it includes economies with various sources of
market incompleteness, including commonly analyzed sources of financial frictions and default. Focusing on financial
regulation is natural, since financial activity is inherently hard to regulate (Arseneau et al., 2023). However, our results
also apply to classical price-theoretic environments with consumption/production decisions, as well as game-theoretic
environments, as we illustrate in the Online Appendix.



that the regulation imposed on it is greater (smaller) than the associated marginal distortion.
Policy elasticities capture the equilibrium responses of different decisions to changes in regulation.
Intuitively, our characterization shows that policy changes that discourage underregulated decisions
or encourage overregulated decisions are welfare-improving. As a benchmark, we show that the
first-best policy, in which a planner faces no regulatory constraints, is chosen so that all Pigouvian
wedges are zero — the classical Pigouvian principle. Importantly, policy elasticities do not form
part of the first-best policy, and only matter for corrective regulation in second-best scenarios.

We use the characterization of marginal welfare effects to study optimal second-best policy. To
do so, it is useful to distinguish between perfectly and imperfectly regulated decisions. A decision
is perfectly regulated if its associated corrective regulation does not enter in any binding constraint
faced by the planner, and imperfectly regulated otherwise. We then derive three main insights on
the optimal second-best policy.

First, we characterize the optimal second-best regulation of perfectly requlated decisions. In
contrast to the Pigouvian principle, with imperfect instruments, the optimal corrective regulation is
given by the sum of its associated marginal distortions, and a second-best correction. The second-
best correction depends on i) Pigouvian wedges associated with imperfectly regulated decisions,
and ii) leakage elasticities, which are a subset of policy elasticities that measure the equilibrium
response of imperfectly regulated decisions to changes in the regulation of perfectly regulated
decisions. For instance, if unregulated decisions are underregulated and complements to perfectly
regulated decisions, then it is optimal to impose a regulation above the Pigouvian level. The
opposite conclusion, that is, a second-best regulation below the Pigouvian level, arises in the cases
of underregulated substitutes or overregulated complements.

While over- and underregulation relative to the first-best are both possible, these results show
that there is significant structure on how to determine the optimal second-best policy, which is
especially relevant in settings where the sign of leakage elasticities can be inferred empirically.”
This finding contrasts with common “anything goes” second-best arguments (Lipsey and Lancaster,
1956). We also connect our results to the Tinbergen (1952) targeting rule, by demonstrating the
precise role of the number of targets and instruments.

Second, we characterize the optimal second-best regulation of imperfectly requlated decisions. By
definition, these regulations are subject to binding constraints, but the planner may nonetheless have
degrees of freedom in choosing them — for instance, if a constraint dictates that two decisions must
be taxed at a uniform rate, while the level of the uniform tax can be chosen freely. When choosing
regulations on imperfectly regulated decisions, the planner must not only consider direct effects, but
also more nuanced feedback effects. In general, the optimal second-best regulation depends both
on leakage and reverse leakage elasticities, which capture how perfectly regulated decisions adjust
to regulating imperfectly regulated ones. Whenever perfectly and imperfectly regulated decisions

are either complements or substitutes, reverse leakage attenuates the welfare effect of regulating

2For instance, in the case of financial regulation, a growing body of empirical studies provides guidance on the
response of unregulated activities to policy changes (e.g., Demyanyk and Loutskina, 2016; Buchak, Matvos, Piskorski
and Seru, 2018; Xiao, 2020; Irani, Iyer, Meisenzahl and Peydro, 2021).



imperfectly regulated decisions. This result is reminiscent of the Le Chatelier principle (Samuelson,
1948; Milgrom and Roberts, 1996). However, while our results also describe how the direct effect
of a parameter change is augmented by feedback in a system, we find attenuation, rather than
amplification, for welfare effects.

Building on these insights, we derive optimal second-best regulation of imperfectly regulated
decisions in two common scenarios. On one hand, if taxes are constrained to be uniform across
heterogeneous agents or decisions, then the optimal regulation is a weighted average of distortions,
where the appropriate weights are augmented to incorporate reverse leakage elasticities. These
results generalize the uniform corrective taxation result of Diamond (1973), which follows as a
special case in the absence of reverse leakage — that is, when there are no perfectly regulated
decisions. On the other hand, if a subset of regulations is subject to convex costs, then the optimal
regulation is given by an attenuated version of the first-best policy. In the presence of perfectly
regulated decisions, reverse leakage is a force that contributes to further attenuating the optimal
regulation.

Finally, we characterize the social value of relaxing the constraints faced by a planner who is
implementing the optimal second-best policy. This is an informative exercise, for instance, for a
planner that considers an institutional reform, such as allowing to regulate previously unregulated
agents or decisions. Once again, the Le Chatelier/reverse leakage effects are a force towards
attenuating the welfare benefits of reforms both in the substitutes and the complements case.
Intuitively, if perfectly and imperfectly regulated decisions are substitutes, tightening the regulation
on imperfectly regulated decisions increases perfectly regulated decisions through reverse leakage.
But this is welfare-reducing since perfectly regulated decisions are underregulated at the second-
best. Conversely, if perfectly and imperfectly regulated decisions are complements, tightening the
regulation on imperfectly regulated decisions reduces perfectly regulated decisions through reverse

leakage, which is again welfare-reducing.

Financial Regulation with Environmental Externalities. To demonstrate the usefulness of
the general principles, we consider a suite of applications. First, we leverage our results to provide
new insights into the question of financial regulation in the presence of environmental externalities,
which has only recently received interest in academic and policy circles, and remains underexplored.
In this application, we develop a model in which investors choose the scale of their risky investment,
the composition of their portfolios, and their leverage. The planner controls a risk-weighted capital
requirement. This is an imperfect instrument, which effectively regulates investors’ leverage and
portfolio composition, but not the scale of their investments. Since leverage and the investment
scale are gross complements, we find that overregulating leverage is optimal, consistent with our
general results.

Following the current policy debate on climate finance, we compare optimal policy under a
narrow/financial mandate that only considers externalities related to financial stability, and a
broad mandate that considers the impact of financial regulation on environmental externalities.

We demonstrate that the nature of optimal regulation is substantially different once we account for



the imperfections inherent in current regulatory regimes. One implication of our approach is that
it is natural to adjust risk weights, as opposed to leverage caps, when regulators become concerned

with broader environmental mandates.

Further Applications. In four final applications, we show how our results can be employed in
common regulatory scenarios, each with different kinds of regulatory instruments and constraints.
When possible, we discuss how the existing empirical findings can be used to guide the optimal
policy.

Application 1 studies a model of shadow banking in which traditional and shadow banks compete
for funding from outside investors. Regulation is imperfect because shadow banks cannot be directly
regulated. We derive optimal second-best leverage regulation when the government provides ex-post
bailouts without commitment. We find that the optimal policy underregulates traditional banks
when leverage choices between traditional and shadow banks are gross substitutes — the empirically
relevant case (Irani, Iyer, Meisenzahl and Peydro, 2021). Our results further clarify how optimal
second-best policy responds to potential changes in marginal distortions that arise from unregulated
activities in general equilibrium. We also illustrate how Le Chatelier/reverse leakage effects impact
the welfare gains of being able to regulate unregulated investors.

Application 2 illustrates how our results can be employed to analyze economies with behavioral
distortions. We consider a model in which macro-prudential regulation is motivated by distortions
in investors’ and creditors’ beliefs about investment returns. We derive optimal policy under the
assumption that the planner can regulate investors’ leverage, i.e., the ratio of borrowing to risky
investment, but not the overall scale of investment. In this situation, regulated and unregulated
activities (e.g., leverage and the scale of risky investment) are gross complements, and the second-
best optimal policy overregulates leverage.

Application 3 considers an environment where investors choose between two types of risky
investment, but where regulation is imperfect in that the regulator imposes a uniform regulation
across both types of investments. Regulation in this application is motivated by the fact that
investors are “too big to fail” and enjoy an implicit government subsidy. This case leads to
novel insights into the classical “asset substitution” problem in financial economics (e.g., Jensen
and Meckling, 1976). The optimal second-best regulation is a weighted average of the downside
distortions imposed by different types of investment, with weights proportional to the policy
elasticities of investment. Our general formula also leads us to a deeper characterization of the
optimal weights, which reveals that they are closely related to the elasticity of the probability of
receiving government support.

Finally, Application 4 studies a model of excessive credit booms along the lines of Lorenzoni
(2008) in which the investment decisions of investors/entrepreneurs are associated with distributive
pecuniary/fire-sale externalities. While most of the related literature focuses on characterizing
constrained-efficient allocations, often assuming that a planner has access to investor-specific
regulations, we assume that all investors must face the same regulation. Consistent with our

general results, we show that the optimal second-best regulation is a weighted average of the



induced distortions (pecuniary externalities), which in this case are given by differences in marginal
valuations, net trade positions, and price sensitivities. This application is of independent interest,
since it shows that even when a planner does not have access to investor-specific regulations, it may

still be desirable to set corrective regulation to address pecuniary externalities.

Related Literature. Our paper is directly related to the literature on imperfect regulation.
In particular, the issue of regulatory arbitrage in the financial system has been widely studied
in recent years. Within the theoretical literature, Plantin (2015), Huang (2018), Martinez-Miera
and Repullo (2019), and Farhi and Tirole (2021) study the impact of capital requirements on
banking activity and financial stability. Hachem and Song (2021) explore how increased liquidity
requirements can generate credit booms when banks are heterogeneous. Grochulski and Zhang
(2019) show how regulation is constrained by the presence of shadow banks in an environment in
which regulation is motivated by a pecuniary externality. Gennaioli, Shleifer and Vishny (2013)
and Moreira and Savov (2017) develop theories that highlight the fragile nature of shadow banking
arrangements. Ordonez (2018) shows how shadow banking enables better-informed banks to avoid
blunt regulations. Bengui and Bianchi (2022), building on Bianchi (2011), provide a theoretical and
quantitative analysis of macroprudential policy with imperfect instruments based on a collateral
pecuniary externality. Davila and Korinek (2018) briefly discuss the impact of specific regulatory
constraints on policy in a setup with pecuniary externalities, while Korinek (2017) provides a
systematic study of optimal corrective policy in environments with multiple regulators. Clayton and
Schaab (2021) study regulatory policy in the presence of shadow banks when there are pecuniary
externalities. Korinek, Montecino and Stiglitz (2022) study the role of technological innovation
as regulatory arbitrage. Begenau and Landvoigt (2022) provide a quantitative general equilibrium
assessment of regulating commercial banks for financial stability and macroeconomic outcomes in the
presence of ex-post subsidies — see Dempsey (2020) for a related quantitative assessment. Hachem
and Kuncl (2025) study prudential regulation with shadow banks. There is also a growing empirical
literature on regulatory arbitrage and shadow banking, that includes Acharya, Schnabl and Suarez
(2013), Demyanyk and Loutskina (2016), and Buchak, Matvos, Piskorski and Seru (2018, 2024),
among others.

More broadly, our results are connected to the public economics literature that studies imperfect
corrective regulation. In fact, we show that several results that have been treated as independent
can be derived and expanded upon using our approach. For instance, the optimal tax formulae in
Diamond (1973) are seemingly distinct from the characterization of second-best policy in Lipsey and
Lancaster (1956) or the Tinbergen (1952) Rule, but these results can all be derived as corollaries
of our general results. We explicitly compare and contrast our results to existing work in the text.
Other contributions in this literature, often comparing indirect and direct regulation in particular
scenarios, include Baumol (1972), Sandmo (1975), Green and Sheshinski (1976), Balcer (1980),
Wijkander (1985), and Cremer, Gahvari and Ladoux (1998).® Textbook treatments are available

3Corlett and Hague (1953) is the seminal study on optimal commodity taxation with incomplete taxes in economies
without externalities.



in Myles (1995), Salanié (2011), or Werning (2012). In common with Hendren (2016), we adopt
the terminology “policy elasticity”, identifying the special role played by leakage elasticities in
determining optimal second-best regulation. Second-best corrective regulation is often discussed
in the context of environmental policy and congestion (e.g., Bovenberg and Goulder, 2002), as
well as rent-seeking (e.g., Rothschild and Scheuer, 2016). Our results in Section 3.4 characterizing
the value of relaxing constraints on regulation provide a novel manifestation of the Le Chatelier
principle, introduced by Samuelson (1948), and further studied in Milgrom and Roberts (1996) and
Acemoglu (2007), among others.

2 General Framework

This section lays out our general framework, which is broad enough to capture a wide range of
scenarios but sufficiently tractable to yield precise insights. We use this framework to present
the principles that determine optimal corrective regulation with imperfect instruments in Section
3. In Sections 4 and 5, we present concrete applications, illustrating how our general formulation

encompasses various rationales for regulation.

2.1 Environment

We consider an economy with two dates, t € {0,1}, and a single consumption good. At date 1,
there is a continuum of possible states s € S, with a cumulative distribution function F'(s).

There are two groups of agents: investors and creditors. There is a finite number of investor
types in unit measure (investors, for short), indexed by i,7 € Z, where Z = {1,2,...,1}. There is

also a unit measure of creditors, indexed by C.

Investors. Each investor ¢ makes N > 0 financing and investment decisions, which we collect in

a vector &' € RV.* Investor i’s preferences are represented by

u (cé, {cﬁ (S)}SES , {Ej }j61> , (1)

where ¢ and ¢} (s) denote the investor i’s consumption at date 0 and date 1 in state s, while
{:Ej }j <7 denotes the collection of decisions made by all investors. Since each investor takes T/ as
given, the last argument in «’ (-) captures externalities across agents. In equilibrium, as explained
below, ©/ =%/, Vj € .

Investor ¢ faces the following budget constraints:

cf) = né + Q" (:cl> - (af) — ot T (2)

ci(s) =nt (s) +p' (ar:i, s) , Vs, (3)

“In our applications, we explicitly split * into financing (b*) and investment (k*) decisions. Section A of the Online
Appendix includes explicit definitions of all vectors and matrices used.



where nj and n! (s) denote investor endowments. Total financing raised by investor i at date
0 is denoted by Q' (x'), while p’(z’,s) denotes investor ’s final return to investments net of
any financing obligations. This general formulation of Q°(-) and p’(-) — whose equilibrium
determination is described below — accommodates the possibility of investor default, as we show
in the Appendix and illustrate in our applications. Moreover, investor i’s decisions face a cost
i (:cl) > 0. This term can, for instance, capture technological adjustment costs or represent
financing frictions.

The term 7° - ' introduces a set of taxes/subsidies/regulations in principle specific to each
choice made by each investor, where 7¢ € RV, and T% € R denotes the lump-sum transfer or tax
that investor ¢ receives or faces to ensure that the planner runs a balanced budget. We denote the

elements of z*, &', and 7' by z},, =} and 7}, respectively.

Creditors. Creditors, who close the model, have preferences given by

u (COC’ {ef <8)}ses : {”“’j}jez) ) (4)

where ¢§ and ¢{ (s) denote creditors’ consumption at date 0 and at date 1 in state s. As above, =
denotes the collection of decisions made by all investors.

Creditors face the following budget constraints:
of =nf =3 hfQ (=) (5)

& (s) =n§ (s) + Z he p¢ (Ei, s) , Vs. (6)

where n and n} (s) denote creditors’ endowments. At date 0, creditors choose to fund a share h{
of each investor 4’s financing needs Q' (-), although, in equilibrium, hiC =1, as explained below. At
date 1, creditors receive repayments pz-c (fi, s) from investor ¢. This general formulation of pic ()

accommodates deadweight losses associated with investors’ default.

Equilibrium. For given corrective taxes/subsidies/regulations {7'}; and lump-sum transfers
{T"};, an equilibrium consists of consumption allocations {c},c} (s)}; and {c§,c{ (s)}, investors
decisions {Z'};, creditors’ funding decisions {h{};, financing schedules {Q'(-)};, investors’ net
investment returns {p’ (-)};, and creditors’ repayments {p{ (-)}; given investors’ default decisions
such that i) investors maximize utility, (1), subject to budget constraints (2) and (3); ii) creditors
maximize utility, (4), subject to budget constraints (5) and (6); iii) the planner’s budget is balanced,
so that >, 7% = 3, 7% - x%; iv) investors’ decisions are consistent in the aggregate, that is, ! = &,
Vi; v) financing decisions satisfy market clearing, that is, hic =1, Vi.

This equilibrium notion is standard in models that allow for default (e.g., Dubey, Geanakoplos
and Shubik, 2005). We proceed as if the model is well-behaved, discussing the necessary regularity

conditions in each application. Assuming 7% = 7° - a2’ Vi — instead of the less restrictive



S TH=3. 7" 2" — allows us to interpret the results as quantity regulation.

2.2 Imperfect Policy Instruments

As explained below, a planner who can freely adjust all policy instruments {Ti}ieI is able to
achieve a first-best outcome. However, our focus is on optimal corrective policy with imperfect
policy instruments. We formalize such imperfections by assuming that a planner chooses regulations
subject to a vector-valued constraint

® (1) <0, (7)

where 7 € RN denotes the stacked vector of agent-specific regulations 7. The function
& : RN — RM where M is the number of constraints, flexibly defines the set of feasible regulations.
Appealing to the duality between constraints and costs, we can also interpret ® (7) as defining the
cost of setting regulations.

For example, an unconstrained planner, who can achieve the first-best (Pigouvian) solution,

corresponds to setting ® (7) = 0 for all 7 € R/N. Alternatively, a linear constraint
®(r)= AT —¢, (8)

for appropriate matrices A and vectors ¢, can be used to model planners who i) are able to regulate
only particular subsets of agents or commodities, leaving others unregulated, or ii) must impose
uniform regulations across different agents or commodities. A quadratic constraint

®(1)= 7Bt +d, 9)

1
2
for a given matrix B and a vector d, can instead represent convex costs of regulation. In addition,
if the costs of regulation induce sparsity (Tibshirani, 1996; Gabaix, 2014) — for instance, when
based on the L' norm of 7 — the set of unregulated agents or commodities arises endogenously.

Our main results — Propositions 1 and 2 — are valid for a general ® (-).

2.3 Remarks

We conclude the description of the environment with three remarks. First, assuming that agents’
utilities directly depend on others’ decisions is the simplest formulation that justifies corrective
regulation. However, the insights of this paper apply to any environment in which a planner
wants to correct agents’ decisions (e.g., consumption or production externalities, public goods,
lack of commitment, behavioral distortions, etc.), regardless of the exact rationale justifying such
regulation. In particular, our applications in Sections 4 and 5 feature three widely studied rationales
— bailouts, pecuniary externalities, and internalities/belief distortions — that do not arise directly
from consumption externalities of the form modeled in (1) and (4). We further elaborate on this
point after introducing Lemma 1 below.

Second, we model investors and creditors as distinct groups to better connect our general results



to the applications. Creditors can be interpreted as a type of investor who is only allowed to
fund other investors.” By suitably interpreting creditors’ preferences, our model can capture non-
pecuniary benefits/convenience yields from particular forms of financing, as in e.g. Stein (2012) or
Sunderam (2015).

Finally, note that our general results do not depend on the financing/investment model studied
here, and would also apply to price-theoretic or game-theoretic environments. We illustrate this

possibility in Section E of the Online Appendix.

3 Optimal Corrective Policy with Imperfect Instruments

We now study the problem of a planner who optimally sets corrective regulation subject to
constraints on the set of regulatory instruments. We abstract from redistributional considerations,
and focus on the corrective nature of the regulation. Therefore, we assess the aggregate gains/losses
of a marginal policy change by aggregating money-metric welfare changes across agents.® That is,
the planner evaluates the desirability of a marginal change in a given variable (or vector) z, denoted

by %, according to

davi  dave©
aw — dz + dz
= ; c
dz = Xy Ao
where dd—‘/; (dzl/zc) denotes the change in investor i’s (creditors) indirect utility in equilibrium and

A >0 (A§ > 0) denotes investor i’s (creditors) date 0 marginal value of consumption.

3.1 Marginal Welfare Effects and Pigouvian Principle

To characterize the marginal welfare effect of adjusting regulations, it is useful to first define the

marginal distortion/externality & associated with decision n by investor i:

: 1o 1 ou”
=\ e t o
jez N 9%Tn - AG 0Ty,

(Marginal Distortion)

The marginal distortion &%, measures the direct welfare impact that a change in %, has on all agents.

We define the distortion as the negative of marginal utility, so that &/ measures the damage caused
oul
o7 ‘ |
externality on agent j, contributing to making 0% positive (negative). We use §° € RY to denote

by z},. Concretely, when is negative (positive), an increase in 7}, generates a negative (positive)

the vector of marginal distortions associated with agent i’s decisions and 6§ € R/Y to denote the
stacked vector of 8%’s for all agents.

It is also useful to define the Pigouvian wedge w! between the regulation 7! and the marginal

SIn earlier versions of this paper, we allowed for investors to invest in each other’s liabilities and for creditors’
decisions to also be associated with welfare-relevant externalities. Since the main insights are identical in both
formulations, we adopt the current formulation, which substantially simplifies the notation.

SThis approach is akin to maximizing Kaldor-Hicks efficiency — see Davila and Schaab (2025). Section E.3 of the
Online Appendix explains how to consider traditional welfare functions and redistributional considerations.



distortion &7, associated with decision n by investor i:

i _
"=

wl =1t — 8, (Pigouvian Wedge)
where we can again write w’ = 7% — 8’ € RY or w = 7 — § € RN in vector form. As explained
below, Pigouvian wedges are zero at the first-best. A positive (negative) w’ indicates that decision n
by agent i is overregulated (underregulated), in the sense that increasing (decreasing) ¢, is welfare-
improving.

Lemma 1 presents two useful intermediate results. Part a) highlights the role of Pigouvian
wedges and leakage elasticities as sufficient statistics when evaluating corrective policy. Part b)
characterizes the first-best policy, which states the classical Pigouvian principle in our context, and

provides a benchmark when studying second-best policy.

Lemma 1. a) (Marginal Welfare Effects of Regulation) The marginal welfare effects of varying

requlations T, %, are given by

dw  dx dx

a7 10

where g—f is the Jacobian matrix of policy elasticities, of dimension IN x IN.
b) (First-Best Policy/Pigouvian Principle) The optimal (first-best) policy for a planner who can

freely choose regulations — when ® (1) =0 — is characterized by
w=0 < 7" =4. (11)

Lemma la) highlights that the welfare impact of changes in regulation can always be characterized
in terms of i) policy elasticities and ii) Pigouvian wedges. The matrix g—f of policy elasticities
— borrowing the terminology of Hendren (2016) — captures the full equilibrium response that a
particular change in regulation has on all agents’ decisions. The vector w of Pigouvian wedges
captures the extent to which an agent’s decision is underregulated or overregulated. The overall
welfare effect of varying a particular regulation corresponds to the sum of the product of the
relevant leakage elasticities and Pigouvian wedges, where regulations that i) decrease underregulated
decisions (with w?, < 0) or ii) increase overregulated decisions (with w? > 0) in equilibrium are
welfare-improving.

Lemma 1b) characterizes the well-understood Pigouvian principle in our model, i.e., the “polluter
pays” (Pigou, 1920; Sandmo, 1975), also referred to as the principle of targeting (e.g., Dixit, 1985;
Rothschild and Scheuer, 2016). The first-best policy perfectly aligns private and social incentives
by setting taxes equal to marginal distortions for each decision.” Note that the first-best policy is

independent of the magnitude of the policy elasticities, being exclusively a function of the Pigouvian

"Note that Equation (11) does not provide a solution for optimal regulations in terms of primitives unless marginal
distortions are invariant to the level of regulation. Whenever marginal distortions are endogenous to the level of the
regulation, our statements pertain to the form of the optimal policy formulas. The same caveat applies to Propositions
1 and 2. In our application in Sections 4 and 5, marginal distortions are largely insensitive to the level of the regulation.

10



wedges. This result contrasts with the optimal second-best policy, as we describe next.

In line with our first remark above, our conclusions for second-best policy will be valid whenever
marginal welfare effects take the form of Equation (10), regardless of the exact nature of the marginal
distortions in 8. Our applications explicitly illustrate how the marginal distortions in Equation (10)

encompass multiple rationales for regulation.

3.2 Second-Best Policy: Perfectly Regulated Decisions

To characterize the optimal second-best policy, it is useful to distinguish between perfectly and
imperfectly regulated decisions. We say that decision x! is perfectly regulated when its associated
policy instrument 7! does not enter any binding constraint in the planner’s problem, and is
imperfectly requlated when it does enter in at least one binding constraint. Formally, if the vector
i € RM denotes the vector of Lagrange multipliers associated with the regulatory constraints
in Equation (7), the n'® element of the vector %u is zero (non-zero) for perfectly (imperfectly)
regulated decisions.

Accordingly, we collect the R perfectly regulated decisions and U imperfectly regulated decisions
— where R +U = IN — in the vectors & and V. We apply the same partition to the
associated regulations 7 = {7, 7Y} marginal distortions § = {7, 6"}, and Pigouvian wedges
w = {wR,wU}.8 We also partition the matrix of policy elasticities g—f_ into four smaller matrices.
Two are matrices of leakage and reverse leakage elasticities: gf% and jf—ﬁ, respectively, of dimensions
R x U and U x R. The other two are matrices — invertible in a well-behaved model — of

dzF

own-perfectly regulated and own-imperfectly regulated elasticities: 977 and Zf—g, respectively, of
dzV

dimensions R x R and U x U. In particular, the matrix of leakage elasticities o captures how
imperfectly regulated decisions respond to changes in the regulations that can be freely adjusted.
We further describe these matrices in Section A of the Online Appendix.

Proposition 1 shows that leakage elasticities are a key determinant of the second-best policy.

Proposition 1. (Second-Best Policy: Perfectly Regulated Decisions) The optimal second-best

requlation of perfectly requlated decisions satisfies

-1
dax® dxV
R R U
T=0"+|—= —sw", 12
( dTR> drh (12)
where 8% is a vector of marginal distortions, wV = 7V — 8Y is a vector of Pigouvian wedges, jf—ﬁ
is a matrixz of own-perfectly requlated elasticities, and % 1s a matrixz of leakage elasticities.

Proposition 1 shows that the optimal regulation for a planner who can freely adjust the regulation of
a subset of decisions is the sum of two components. The first component is the marginal distortion

imposed by the perfectly regulated decisions, 8%, as in the first-best case — see Lemma 1b).

8We denote the set of imperfectly regulated decisions by U since “unregulated” decisions are a leading case of
imperfectly regulated decisions. Note that the sets of perfectly regulated and unregulated decisions can vary with the
regulation itself, although this is not common in most applications.
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The second component is a correction for regulatory imperfections that depends on i) leakage

elasticities and ii) Pigouvian wedges of imperfectly regulated decisions. First, the leakage elasticities
—gﬁ—z — normalized by the own-perfectly regulated elasticities jﬁ—ﬁ — capture how tightening the
regulation of perfectly regulated decisions affects imperfectly regulated decisions. Heuristically,

-1
( dwR) el — _dzl g positive (negative) if regulated and unregulated decisions are gross

U

4K drE = T oF
subizitutesd(complemdexnts). Second, Pigouvian wedges w" measure whether imperfectly regulated
decisions are regulated above or below their marginal distortions.

Consider the case where imperfectly regulated decisions are underregulated, with w? < 0.
In the gross substitutes case, the second component of Equation (12) is negative, so a planner
finds it optimal to adjust 7% downwards relative to the first-best. Hence, the second-best policy
underregulates perfectly regulated decisions. By a parallel argument, in the gross complements
case, the second-best policy overregulates perfectly regulated decisions. When imperfectly regulated
decisions are overregulated, with w? > 0, those conclusions in the substitutes/complements cases

are reversed. We summarize this logic in the following corollary to Proposition 1.

Corollary. Whenever imperfectly requlated decisions are underregulated, it is optimal to
underrequlate (overregulate) perfectly regulated decisions when perfectly and imperfectly regulated
decisions are substitutes (complements). These conclusions are reversed when imperfectly requlated

decisions are overrequlated.

Before progressing to our next result, we illustrate Proposition 1 in a special practical scenario,
and connect it to two classical results, namely, the general theory of the second best (Lipsey and
Lancaster, 1956), and the Tinbergen (1952) rule.

Practical Scenario: Unregulated Decisions. A common scenario in which Proposition 1 is
relevant in practice is when some decisions cannot be regulated at all. Formally, in this case the

planner faces a constraint ® (7) = 7Y = 0, so Equation (12) specializes to

-1
dxl dx¥
R _ SR U
T=90 _<_dTR> —dTRd , (13)

where unregulated decisions associated with negative (positive) externalities are automatically
underregulated (overregulated). As in Proposition 1, whether the regulated and unregulated
decisions are gross complements or substitutes is critical for the determination of the optimal second-

best policy.

Connection to the General Theory of the Second Best. Lipsey and Lancaster (1956) argue
that once one of the conditions required to achieve a first-best outcome is not satisfied, it is typically
optimal to distort all other decisions. This insight is consistent with Equation (12): whenever
wY £ 0 (and % # 0), it is optimal to set wf # 0. However, while over- and underregulation

relative to the first-best are possible, Equation (12) shows that there is significant structure on
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how to determine the optimal second-best policy: leakage elasticities and Pigouvian wedges for

imperfectly regulated decisions unambiguously determine the optimal second-best regulation.’

Connection to the Tinbergen Rule. The Tinbergen (1952) rule states that first-best policy
requires the same number of instruments as it has targets. A concordant interpretation of Equation
(13) is that a second-best planner uses the R instruments 7 (on the left-hand side) to target the
R + U distortions contained in 6% and 6V (on the right-hand side). Only when 6V = 0 a first-best
outcome emerges, consistent with the Tinbergen rule. Equation (13) offers a further refinement of
the Tinbergen rule: with insufficient policy instruments, the optimal regulation equals a weighted

sum of all distortions in the economy, with weights shaped by leakage elasticities.

3.3 Second-Best Policy: Imperfectly Regulated Decisions

Proposition 2 characterizes the marginal welfare impact of adjusting the regulation of imperfectly
regulated decisions under the optimal second-best regulation. This result allows us to i) characterize
the optimal regulation of imperfectly regulated decisions in specific scenarios and ii) determine the

welfare impact of relaxing constraints on regulation — in Section 3.4.

Proposition 2. (Second-Best Policy: Imperfectly Regulated Decisions) The optimal second-best

requlation of imperfectly requlated decisions satisfies % = %u, where p is the vector of Lagrange

multipliers associated with the constraints on policy instruments, and where

dw  dxV

U
70 = 47U (I-L)w”, (14)
where I denotes an identity matriz, jf—g is a matriz of own-imperfectly requlated elasticities, wY is

the vector of Pigouvian wedges associated with imperfectly requlated decisions, and where we define
a (Le Chatelier) matriz L by:
v\ ! g.R R\ ! ..U
I dx dx dx dx
- \drV drV \ dr& drit’

Equation (14) decomposes the marginal value of adjusting 7Y into two parts. First, there is

the direct effect on imperfectly regulated decisions, given by %wU, as implied by Lemma la).
Second, there is the indirect equilibrium effect on perfectly regulated decisions, given by gf—gwR =

-1
—Zf—g (zf—;) ‘;f—gw[], as implied by combining Lemma la) and Proposition 1. This is a form of

reverse leakage, which attenuates the welfare effect of regulating imperfectly regulated decisions
whenever regulated and imperfectly regulated decisions are either complements or substitutes. The

magnitude of the attenuating effect is proportional to the matrix L defined in the proposition.

9Proposition 1 thus achieves a different conclusion than Lipsey and Lancaster (1956), who write:

“(...) in general, nothing can be said about the direction or the magnitude of the secondary departures
from optimum conditions made necessary by the original non-fulfillment of one condition”.
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— dzf daVU
— dxU dzB>

of leakages and reverse leakages. We refer to L as the “Le Chatelier” matrix, for reasons that will

Heuristically, one can express this matrix as L so that it measures the (matrix) product
become clear in Section 3.4.

We now discuss the insights derived from Proposition 2 in two practical scenarios: uniform
regulation and convex costs of regulation. We also show how Proposition 2 generalizes the classical

results on uniform regulation in Diamond (1973).

Practical Scenario: Uniform Regulation. A second common scenario of regulatory
imperfections arises when a planner is forced to set the same regulation across a subset of decisions
associated with different marginal distortions. Formally, we consider a planner who faces a constraint
of the form 7% = 7V for a subset of agents i and decisions n. In this case, Proposition 2 implies that
the optimal second-best regulation of imperfectly regulated decisions specializes to

U L’jf—ﬁ (I —L)&Y

_ 7 15
ujf—g(I—L)L (15)

where ¢ denotes a U-dimensional vector of ones. Equation (15) shows that the optimal second-best

U

uniform regulation 7% over a subset of decisions is simply a weighted sum/average of their marginal

distortions 8V, which can be equivalently written as 70 = S, wi St for some weights !, which
need not be strictly positive. Decisions with stronger equilibrium responses to a change in regulation
— those more responsive to the regulation — carry a higher weight. As expected, when marginal
distortions are symmetric (so 6V = ¢§), Equation (15) implies that the first-best regulation 7V = §
is optimal. However, when marginal distortions are heterogeneous, the first-best cannot be achieved

with uniform regulation.

Practical Scenario: Convex Costs of Regulation. A third common scenario of regulatory
imperfections is when increasing regulations becomes increasingly costly. Formally, we consider a
planner who faces quadratic costs of regulation over a subset of decisions, with ® (1) = %TU/ BrY,
for some positive definite matrix B. In this case, Proposition 2 implies that the optimal second-best

regulation of imperfectly regulated decisions specializes to
™ =(B+K)"' K&, (16)

where K = ( d“”U> (I — L) is once again a key input for the optimal second-best policy.

—dz
Equation (16) shows that the optimal policy in the presence of quadratic adjustment costs is

given by an attenuated version of the first-best policy. As expected, as costs vanish and B — 0,

U

the optimal policy approaches to the first-best, so 7% — 6Y. But as costs grow relative to K,

U — 0. As explained in Section 3.4, the presence of

the optimal policy approaches zero, so T
perfectly regulated decisions — by making L larger and hence K relatively smaller — is a force

that contributes to attenuating the optimal choice of 7V.
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Connection to Diamond (1973). The insight that uniform regulation of heterogeneous
externalities is characterized by a weighted sum/average of distortions can be traced back to
Diamond (1973). Indeed, when all decisions are uniformly regulated, Equation (15) corresponds to
Diamond’s result. Equation (15) generalizes his results by allowing for a subset of decisions to be
perfectly regulated. In this more general case, the optimal weights account for the reverse leakage
of imperfectly regulated decisions on perfectly regulated ones through the Le Chatelier matrix L,

as further explained in Section 3.4 below.

3.4 The Value of Relaxing Constraints on Regulation

aw
drv
constraints on regulation for a planner who is implementing the optimal second-best policy.

The characterization of in Proposition 2 provides the marginal welfare gain of relaxing
Proposition 2 shows that accounting for the equilibrium welfare effects on perfectly regulated
decisions boils down to adjusting the direct welfare effect by in proportion to the factor —L.
Interestingly, accounting for equilibrium effects on perfectly regulated decisions attenuates the
direct welfare effect both in the substitutes and complements cases. Heuristically, in the well-

. . R U . . . . o
behaved case in which Zf—R < 0 and jf—U < 0, the Le Chatelier correction — via L — is positive

both when perfectly and imperfectly regulated decisions are gross substitutes (gff—s < 0 and % < 0),
dz’ dz¥
and gross complements ( gr > 0and 977 > 0).

The economic intuition is as follows: If perfectly and imperfectly regulated decisions are
substitutes, tightening the regulation on imperfectly regulated decisions increases perfectly regulated
decisions through reverse leakage. But Proposition 1 shows that perfectly regulated decisions are

B < 0, so this increase reduces welfare. Conversely,

underregulated at the second-best, with w
if perfectly and imperfectly regulated decisions are complements, tightening the regulation on
imperfectly regulated decisions reduces perfectly regulated decisions through reverse leakage. But
Proposition 1 shows that perfectly regulated decisions are overregulated at the second-best, with
w! > 0, so this decrease also reduces welfare. Intuitively, optimally regulating perfectly regulated
decisions reduces the gains from further regulation. We summarize this logic in the following

Corollary to Proposition 2.

Corollary. Whenever perfectly and imperfectly requlated decisions are complements or substitutes,
the welfare gains associated with relaxing constraints on regulation are attenuated relative to their
direct effect.

To illustrate this effect most clearly, consider an environment with two agents (I = 2) who make
a single decision each (N = 1, so we drop the n index), and where only agent 1 is regulated, so

72 = 0. In this case, the welfare effect of marginally increasing 72 above zero is

2 da? dx!
dw — 7d$ 1— ﬁf? 52 (17)
dr? dr? %%
=L

15



Suppose that 62 > 0 and consider the well-behaved scenario in which % < 0 and Z—fz < 0. In the
substitutes case, % < 0 and Z—f_; < 0,50 L > 0 and the overall welfare gain from increasing 72 is
7 > 0, so L > 0 once again.

However, when decisions are neither global complements nor substitutes — that is, when % and

smaller than its direct effect. In the complements case, % > 0 and %
% have opposite signs — L < 0 and the direct effect of relaxing constraints on regulation can be
amplified.

The corollary above also implies a connection between our results and the Le Chatelier principle,

which we now discuss in more detail.

Connection to the Le Chatelier Principle. The Le Chatelier principle states that whenever
decisions are either complements or substitutes, the long-run response of a system is larger than its
short-term response — see Samuelson (1948), Milgrom and Roberts (1996) for a modern treatment,
and Acemoglu (2007) for recent related work. Asnoted by Milgrom (2006), the Le Chatelier principle
more generally explains how the direct effect of a parameter change is augmented by feedback in
a system. While existing versions of the principle point towards amplification by feedback in a
system, we find the opposite implication, namely attenuation, in terms of welfare effects. When
we let our system adjust further by accounting for the welfare impact of relaxing a constraint on
the perfectly regulated decisions under the second-best policy, the welfare gains from regulation are
typically dampened, not amplified.

It is worth making two final observations. First, note that when de U > 0, it is possible to

U
find scenarios in which % < 0. That is, it is possible that adjusting g}:e regulation of imperfectly
regulated decisions towards their first-best value turns out to be welfare decreasing — in Equation
(17), this occurs when L > 1. Proposition 2 shows that this type reversal is necessarily explained by
the Le Chatelier matrix L, and requires strong complementarity or substitutability. Second, note
that the imperfectly regulated decisions more significantly attenuated in the presence of perfectly
regulated decisions (through L) have a smaller weight on the optimal uniform regulation, in (15),
or face a further attenuated regulation in the presence of convex costs of regulation, in (16).

In summary, our theoretical results shed light on the nature of second-best corrective regulation
by characterizing the optimal regulation of perfectly regulated decisions (Proposition 1) and
imperfectly regulated decisions (Proposition 2), for a general class of regulatory imperfections.
These results facilitate the analysis of a variety of practical scenarios. In addition, they unify and
extend a suite of classical insights that have traditionally been viewed as distinct. In the remainder
of this paper, we illustrate the usefulness of our results within multiple applications in financial

regulation, a context in which regulation is notoriously imperfect.

4 Application: Financial Regulation with Environmental

Externalities

In this section, we present an application to financial regulation with environmental externalities,

while in Section 5 we describe four additional minimal applications.
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Central banks and macro-prudential regulators have increasingly become interested in accounting
for environmental concerns. There are two possible motivations for this. First, there are links
between the financial system, a primary target of macro-prudential regulation, and climate-related
risks, as evidenced by a growing literature on climate finance (e.g., Giglio, Kelly and Stroebel,
2021). For instance, the safety and soundness of financial institutions may be at risk if they are
heavily exposed to climate-related risks. Second, some believe that prudential regulation should
take into account its effect on the broader societal goal of sustainable investment. For instance, the
Furopean Central Bank’s bond purchase program has taken the latter motivation into account by
introducing preferential treatment for bonds associated with “green” technologies (Piazessi, Papoutsi
and Schneider, 2021).

A nascent academic literature studies the welfare implications of financial regulatory reforms
when there are environmental concerns (e.g., Ochmke and Opp, 2022; Rola-Janicka and Dottling,
2022).  We now use our general results to characterize optimal policy with environmental
externalities and imperfect macro-prudential requlation. This is a particularly important question
because regulators are already discussing potential imperfections and unintended consequences of
policies in the presence of environmental externalities.'”

In this application, we first show that imperfections are inherent to the primary mode of
financial regulation in advanced economies, namely, risk-weighted leverage constraints. Indeed,
these requirements constrain only relative quantities on institutions’ balance sheets but leave the
overall scale of investment as a free variable. Next, we analyze second-best optimal regulation in
this setting. To capture the two motivations for policy discussed above, we pay special attention to
contrasting the role of climate-related risks when regulation has a narrow/financial mandate versus
a broad/environmental mandate. Our results, which directly leverage the formulae from the general
model, yield new insights into the differences between these two cases, and into the way in which
climate-conscious regulation should be adjusted for imperfections. Finally, we characterize the value
of extending the set of policy tools in the face of environmental externalities, which relates to the

Le Chatelier /reverse leakage adjustments that we have characterized in the general case.

Environment. We assume that there is a single type of investor, in unit measure and indexed
by 4, and a unit measure of creditors, indexed by C'. Both investors and creditors have risk-neutral

preferences given by

cg + ﬁ"/c‘i (s)dF (s) and cg + Bc/clc (s)dF (s) — U (91) K

0For example, Andrew Bailey, the Governor of the Bank of England, has stated that

“any incorporation of climate change into regulatory capital requirements would need to be grounded in
robust data and be designed to support safety and soundness while avoiding unintended consequences or
compromising our other objectives”.

See
https://www.bankofengland.co.uk/speech /2021 /june/andrew-bailey-reuters-events-global-responsible-business-2021.
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where the term ¥ (92) k' introduces an environmental externality, as described below.'! The budget

constraints of investors at date 0 and date 1 are given by

%:ng+@(mm)m_r(m)_g@Qm,
i (s) = k' max {dl (5)6° + dy (s) (1 - Hi) +1 (bi, 0, s) -, 0} . Vs.

At date 0, investors, endowed with n’f), make capital investments &k’ in two sectors. A fraction 6 is
invested in sector 1, and the remaining 1 — #° in sector 2. Investors issue debt with face value b'k!
to creditors, so that b® measures investors’ leverage. The equilibrium price of debt can be written
as Q' (b%,0") k', where Q' (b, k") denotes the market value of debt per unit of capital. Capital
investments are subject to an adjustment cost T (k) and an additional cost 2 (%) k% of adjusting
the sectoral portfolio composition. At date 1, once a state s is realized, investor i receives d; (s) per
unit of investment in sector j € {1,2}, and a bailout transfer ¢! (bi, 6, s) per unit of capital that may
depend on the amount of debt issued and portfolio weights. If the sum of these revenues exceeds
the face value of debt, investors repay their debt and consume the residual claim. Otherwise, they
optimally choose to default.'?

In this application, motivated by the existing regulatory instruments, we assume that investors

are subject to a risk-weighted capital requirement:

b+ b < b. (18)

Imposing this constraint on investors is equivalent to imposing corrective taxes. Therefore, this
application also illustrates how our approach to imperfect regulation can be applied to quantity-
based instruments often used in practice. Intuitively, the requirement in Equation (18) places an
upper bound b on investors’ leverage, which is adjusted in proportion to the share §* invested in
sector 1. In the case with ¢ > 0, on which we will focus without loss of generality, the relative risk

weight ¢ on sector 1 is positive, and the leverage cap becomes tighter when investors increase 6.

1The assumption that this distortion only impacts creditors and is linear in capital simplifies the exposition, but
does not affect the qualitative insights of our analysis.

12This specification of bailouts corresponds to a model where the government has limited commitment, which
connects our work to the treatment of bailouts in Farhi and Tirole (2012), Bianchi (2016), Chari and Kehoe (2016),
Keister (2016), Gourinchas and Martin (2017), Cordella, Dell’Ariccia and Marquez (2018), Davila and Walther (2020),
and Dovis and Kirpalani (2020), among others.

13Risk-weighted capital requirements under the Basel accords ensure that the ratio of equity to risk-weighted assets
in leveraged institutions (e.g., banks) is at least equal to a constant fraction C'. In our context, equity is (1 — bi) k* and
risk-weighted assets can be represented as [w10i + wa (1 — 91)} k!, where wj is the risk weight on sector j investments.
Thus, we can express a risk-weighted capital requirement as

L—b'>C[wb +ws (1-0")] <= b+ (w1 —w)0" <1 — Cuws,
—— SN——

@ =b

which is equivalent to our formulation in (18), with ¢ denoting the relative risk weight on sector 1 investments.
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The budget constraints of creditors at date 0 and date 1 are given by

o =nf — Q" (v, 0") K,
K (s)=n{(s)— (A +r)t (bi,Hi, s) k' + h'pt (bi, 0, s) k.

At date 1, creditors are taxed (14 k) times the government bailout, where x > 0 denotes the
deadweight cost of fiscal intervention. Moreover, creditors who buy a fraction h* of investors’ debt
pay the market price at date 0, and receive a payment P° (bi,Hi,s) k' at date 1. This payment,

which preemptively incorporates investors’ optimal default decision, is defined as follows:

i (bi,Gi,s> _ b, | | o dy (s) 0 +da (s) (1 —6°) +t (b, 0, 5) > b
¢ ldi(s)0" +da(s)(1—0") +t(b',0"s)], otherwise.

Investors default when their assets are worth less than the promised repayment b’ per unit of capital,
and repay b’ in full otherwise. In default, creditors recover a fraction ¢ < 1 of their assets, so that
1— ¢ can be interpreted as the deadweight cost of default. For simplicity, we assume that primitives
are such that there exists a default threshold s* (b%,6%), so that investors default when s < s* (b, 6%)
and repay otherwise.'?

Finally, recall that creditors’ preferences include a utility loss of ¥ (01) k' as a result of investors’

choices. This term reflects an environmental externality. Investors’ portfolio choices #° can affect
o’
00t
share in sector 1, meaning that sector 1 is associated with more pollution than sector 2.

this loss. For example, if > 0, then the environmental externality is increasing in the investment

Equilibrium. For given regulatory parameters {5,@} defining the constraint (18) and a given
bailout policy ¢ (bi, o, s), an equilibrium is defined by leverage, portfolio, and investment decisions
{b',6%, k'}, a default decision rule, and a pricing schedule Q (b%, #?) such that investors and creditors
maximize their utility and the market for debt clears, i.e., h’ = 1.

We rely on the fact that equilibrium choices {bi, 6, k’} are given by the solution to the following
reformulation of the problem faced by investors:

e (M (8,07) = ()| k' =1 (k)  subject to k(b + ") <KD, (19)

14The threshold s* (bi, Qi) is unique under the standard assumptions that i) d; (s), j € {1,2}, is increasing in s (i.e.,

higher asset returns in good states), and ii) the bailout transfer ¢ (bi, ¢, s) is decreasing in s and increasing in b (i-e.,
larger bailouts in bad states/for more levered investors).
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where M (b%,6%) is given by

5

) =5 [ (@08 (1-0) o b00) ¥ ar

equity

+ B¢ (/:(bi,m) V'dF (s) + qb/:*(bi’ei) (dl (5) 0" + dy (s) (1 _ gi) iy (bi’ o, S)) IF (S))’

debt =Qi (bt 0%)

(20)

and s* (b, 6%) solves

di1 (s*) 0" + do (s¥) (1 - ei) tt (bi,ei, s*) — b

Intuitively, the function M (b%,6") can be interpreted as the sum of the market values of equity
(owned by investors) and debt (owned by creditors) per unit of investment. The second term in
Equation (20) corresponds to the equilibrium price of debt @ (b,6%), which incorporates the fact
that investors default in states s < s* (bi,Hi) in which the value of their assets is less than the
promised repayment b°. In problem (19), investors maximize the market value of investment net of
costs. Without loss of generality, we scale the regulatory constraint by total investment k* > 0.
An important aspect of this application is that the planner’s instruments are imperfect. This

can be seen by writing investors’ first-order conditions as

| 8]\45;’02) =u=m (21)
81\4;1;1,91) - (9’) =pup =19 (22)
M (b ai) o) (9) - (k) =0, (23)

where p > 0 is the Lagrange multiplier on the regulatory constraint. The first two conditions,
which define optimal leverage and portfolio weights, show that the constraint in Equation (18)
implies effective corrective taxes 7, on leverage b’ and 7y on portfolios #. The third condition,
which defines optimal total investment k°, does not contain a corrective tax. Intuitively, the capital
requirement (18) constrains ratios but leaves the overall scale k' of investors’ balance sheet as a free,
unregulated variable. By contrast, in a world with perfect instruments, the planner would be able
to set a corrective tax 75, on k* in addition to 7, and 79. We return to the value of introducing such

a tax below.

Optimal Corrective Policy. In this environment, we can express the marginal externalities

{0, 99, r} associated with investors’ choices and decompose them into a financial (i.e., bailout-
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related) and an environmental component as follows:

b= 1 [ i ”
o= (146 [ HI59) 4 (5) 4 2210 (25)
S N——
=Xo =0
o = (1+ k) B° /st (v,0,5) dF (s) + @ (67). (26)
- =Yk

=Xk

The term xj, in Equation (26) measures the marginal distortion in capital choices due to bailouts,
while vy, is the distortion due to environmental externalities. Equations (24) and (25) define the
distortions associated with leverage and portfolio choices per unit of capital. An important point is
that leverage induces only a financial distortion, since environmental damage is determined by the
technologies that are operated in this economy, and is independent of how these technologies are
financed.

Proposition 3 characterizes the form of the second-best policy.

Proposition 3. (Financial Regulation with Environmental Ezternalities)

a) The marginal welfare effects of varying the leverage cap b and the risk weight o, respectively, are

given by
aw  db e gk
=)k + 2 (7 — ) K — 5, 27
R A ) b " (27)
aw  db e gk
_—= — 0 k' + — —0p) kKt — Or. 28
i~ dy (75— 0p) K" + i (7o — dp) i (28)

b) The optimal regulation satisfies

dbt  db* dlog k*
Tb 5b 7 T -
To 0 dp dp de

Proposition 3a) characterizes the marginal welfare effects of adjusting the two instruments

available to the planner and the optimal regulation in terms of the parameters of the risk-weighted
capital constraint, which are the leverage cap b and the relative risk weight . Notice that, even
though we are working in terms of a quantity constraint, our general characterization of welfare
effects from Lemma 1 applies, after suitably adjusting for k. This feature highlights the usefulness
of our approach for analyzing quantity-based regulation.

Specifically, Equations (27) and (28) show that marginal welfare effects depend on Pigouvian
wedges — defined in terms of the equivalent taxes {7, 79} in Equations (21) and (22) — as well as

policy elasticities. First-best regulation is prevented by the fact that the unregulated scale decision
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k' introduces an additional distortion 6;. The optimal regulation, which we discuss in more detail

below, takes into account this distortion along with the appropriate leakage elasticities % and
dlogki 15
dp
In the remainder of this section, we use this characterization to derive concrete insights into

optimal regulation with environmental externalities. First, we analyze the distinction between
optimal policy motivated by a narrow financial stability mandate and a broader mandates that
accounts for environmental externalities. Importantly, we provide a novel treatment of these
questions accounting for imperfections in policy instruments. Finally, we characterize the value of

relaxing constraints on regulation by imposing corrective regulation on the total scale of investment.

4.1 Imperfect Regulation with Narrow/Financial Mandates.

We first consider a financial regulator who has a narrow mandate and is only concerned with
financial externalities. In terms of our decomposition of distortions, we interpret a narrow mandate
as meaning that the regulator acts as if the climate-related distortions {1y, ¥} are both equal to
zero. In the background, one can interpret that the distribution of states, F'(s), and the payoffs of
the different investments, d; (s) and da (s), account for climate risks. Applying Proposition 3 and

substituting Equations (24) through (26) yields the optimal policy in this case:

Corollary 1. (Imperfect Regulation with Narrow/Financial Mandates) The optimal policy of a

requlator with a narrow/financial mandate is given by

dbi  doi dlog k'
o) _ [ Xb db db db
( ) = ( > + ( db o’ dlogkt | Xk (30)
T X0 dp dp dp
where xp, Xo, and xp denote the financial component of the respective externalities, defined in
FEquations (24) through (26).

Equation (30) shows that the optimal leverage cap — represented by 7, — and the optimal
risk weight — represented by 79 — are set in response to two terms. The first term captures
the marginal externality associated with a change in b or 8, which in this case corresponds to the
marginal response of expected bailouts to more leverage or more investment in sector 1.

The second term, which arises only with imperfect instruments, is proportional to the leakage
dlog k' dlog k'

s and = .

elasticities fall into the “complements” case: Stricter leverage regulation (| b) or a stricter relative

elasticities

, and scales with the total expected bailout, via x;. Both these

risk weight (1 ¢) both lead to increases in k' in equilibrium. Therefore, Equation (30) generally
calls for overregulation of leverage and risk. Finally, notice that the relevant leakage elasticities are
modulated by an inverse matrix of policy elasticities between b* and 6°.

The implication for financial regulation with environmental externalities is that any adjustment

for climate-related risk should be determined only by its impact on financial externalities (in this

15The appropriate leakage elasticities in this application are semi-elasticities, i.e., responses of log investment to
policy reforms. This occurs because we have expressed leverage and portfolio choices per unit of capital.
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particular case, this emerges from the presence of bailouts). For instance, the risk weight equivalent
tax 7p should be increased if sector 1 is associated with climate-related tail risk that makes large
ot(bi,0%,s)
00*
implies that taxes on both leverage and portfolio weights should increase if climate-related risk

bailouts more likely (i.e., if Eq > 0). In addition, the setting with imperfect instruments

increases the magnitude of the total expected bailout. This prediction is unique to our analysis and

directly leverages our general tools.

4.2 Imperfect Regulation with Broad/Environmental Mandates.

We now consider a financial regulator with a broad mandate who cares directly about mitigating
environmental distortions. We will focus now on the case where the environmental distortions satisfy
g > 0 and 1, > 0. In this case, increases in overall scale as well as concentrated investments in

sector 1 are associated with greater environmental damage.
Corollary 2. (Imperfect Regulation with Broad/Environmental Mandates)

a) When policy has been set optimally according to a narrow/financial mandate, the welfare

benefits of marginal policy changes are given by

aw _ _de _dk
)

_ 31
7 Vg (31)
dw do’ dk*

iy —%% - @T/)k, (32)

where g and Yy denote the environmental component of the respective externalities, defined in
Equations (25) and (26).
b) The optimal policy of a requlator with a broad/environmental mandate is given by

1/ dlogk'

) Xb & dg
(P)=( 2 )+ (8 &) [ whe )owre. )
9 Xo + Yo do  dp dp

where xp, Xo, and X denote the financial component and g and 1 denote the environmental

component of the respective externalities, defined in Equations (24) through (26).

Corollary 2 develops two insights into the distinction between narrow/financial and
broad/environmental mandates. First, Equations (31) and (32) highlight the additional welfare
effects, from the perspective of a broad mandate, of adjusting either the leverage cap and risk
weights, when policy has previously been optimized according a narrow mandate. These equations
are useful for deciding whether policy should be adjusted at the margin once a regulator decides to
take environmental outcomes into account. The relevant marginal welfare effects are determined by
the environmental distortions iy and v and the associated leakage elasticities. It is interesting to
note that the leakage elasticities to leverage (i.e., ‘2—% and %’;) are irrelevant here, because the mode
of financing has no marginal impact on environmental concerns.
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Equation (31) shows that a regulator who adjusts the leverage cap b in response to environmental

concerns faces a potential conflict of interest. Indeed, while it is natural that scale and leverage
% > 0,'° the response of optimal portfolio choices % is
ambiguous in theory, and depends on the functional form of returns to investment in each sector.

are generally complements, implying

Since the environmental distortions g, 1 are assumed positive, the two terms in Equation (31)
may have opposite signs. As a result, it is unclear whether leverage requirements should be relaxed
or tightened in response to environmental concerns, and their impact on welfare may be offset by
portfolio adjustments.

By contrast, Equation (32) demonstrates that risk weights are a natural tool for addressing
environmental concerns. Both the portfolio share #° and total capital k% are generally complements
to the risk weight, implying that ‘% < 0 and % < 0. Therefore, it is clear that risk weights ought
to be tightened when regulators account for environmental externalities.

The second insight emerging from Corollary 2 is the characterization of optimal policy in
Equation (33). There are two differences to the equivalent characterization with a narrow mandate
in Equation (30). First, the marginal distortion on portfolio choices is augmented, which calls
for greater relative risk weights on the polluting sector (sector 1). Second, the scale distortion is
augmented by 1. The latter point is particularly important for our analysis. The scale distortion
matters purely due to imperfect regulation and leakage elasticities. Equation (33) demonstrates
that adjustments for leakage elasticities become more important once the regulator cares about
environmental effects.

Figure 1 illustrates the relation between the first-best and second-best solutions in both the
narrow and the broad mandate cases. In particular, the left panel shows the marginal welfare
effect of varying leverage regulation (in terms of 73), while the right panel shows the marginal
welfare effect of varying risk-weights (in terms of 7y). As we have formally shown above, Figure 1
illustrates that the optimal second-best policy under a broad mandate overregulates both leverage
and portfolio weights relative to the first-best. However, consistent with the insights discussed above,
the relation between the first-best regulation and the second-best regulation for a regulator with a
narrow mandate is more nuanced. In the case we illustrate, it turns out that a narrow regulator
overregulates leverage relative to the first-best, but not portfolio weights. This is mainly due to
the fact that the leakage elasticity with respect to capital is greater in magnitude for leverage. By
contrast, a broad regulator overregulates both leverage and portfolio weights relative to first best,

because she places a greater weight on all leakage elasticities to capital.

4.3 The Value of Regulating Scale

To close the analysis of this application, we consider a regulator who is able to impose a corrective
tax 7k’ on investors in order to correct for the (previously unregulated) externalities associated

with the scale decision k. The key economic insights can be obtained by considering the marginal

16Recall that db > 0 stands for a looser leverage cap, that is, a lower effective tax on leverage. Hence, ‘% > 0 is

equivalent to fl—i; < 0, which corresponds to the complements case in our general, tax-based notation.
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Application: Financial Regulation with Environmental Externalities
Leverage: Marginal Welfare Gain Risk-Weights: Marginal Welfare Gain
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Figure 1: Financial Regulation with Environmental Externalities

Note: The left panel of Figure 1 compares the marginal welfare effects of varying corrective leverage regulation (7)
in three different scenarios. The green dashed line corresponds to the first-best scenario, in which 79 and 7 are held
fixed at their first-best levels (previously computed). The solid dark blue line corresponds to a second-best scenario
in which the regulator has a broad mandate and cares about financial and environmental distortions. In this case,
we compute welfare gains setting 7 = 0 and holding 7y fixed at the optimal second-best level for a broad mandate
(previously computed). The light blue dotted line corresponds to a second-best scenario in which the regulator has
a narrow mandate and cares exclusively about financial distortions. In this case, we compute welfare gains setting
7 = 0 and holding 7y fixed at the optimal second-best level for a narrow mandate (previously computed). The right
panel of Figure 1 compares the analogous marginal welfare effects of varying corrective risk-weights regulation (79) in
the same three scenarios.

This figure assumes that the bailout policy is linearly separable, t° (bﬂs) = o) + alb’ + ahf’ — als, that the
adjustment cost is quadratic, YT (k’) = k' + 5 (kzi)Q, and that the functions €2 (9’) and W (0’) are of the CES

1

(constant elasticity of substitution) form in terms of ki and kb, so Q(0) = za (aq (Gi)nﬂ +(1—ao)(1- 9")"9) )

1

and W (0) = zy (aw (0°)™ + (1 —aw) (1—6°)") ™. The parameters used to generate this figure are ' = 0.9,
B =098¢" =07, a=1, af =a’ =0, al =0.015, o} = 0.01, & = 0.15, d1 (s) = dis with dy = 1.01, da (s) = das
with d2 = 1, z9 = 0.25, aq = 0.5, ng = 1.5, zg = 0.25, ay = 0.55, ng = 1.5, n§ = 50, and n{ (s) = 50 4+ 0.1s, where s
is normally distributed with mean 1.7 and standard deviation 0.8, truncated to the interval [0, 3]. For reference, the
optimal first-best regulation is 7, = 1.69%, 79 = 3.05%, and 7, = 14.22%, the optimal second-best regulation with
a broad mandate is 7, = 3.33%, 179 = 3.65%, and 7, = 0, while the optimal second-best regulation with a narrow
mandate is 7, = 1.83%, 79 = 1.11%, and 7, = 0.
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welfare effect of increasing 7.
Corollary 3. (Environmental Externalities/Regulating Unregulated Decision)

When the planner can impose a corrective tax T, on the total scale of investment k', the marginal

welfare effect of varying T, is given by

dW db’ - de - dK dk?
— = —0p) K —0g) k' — — ) = — . 4
dy, dry, (7o b K+ dry, (7o 0) dt (7 k) dt Wk (34)

An interesting property of this environment is that there are no reverse leakage effects from
regulating scale onto leverage and portfolio decisions. Intuitively, the investors’ problem in (19)
can be approached in two steps. First, investors choose leverage and portfolios to maximize market
values M (bi, 6%) per unit of total capital. Second, they set the marginal cost of capital equal to its
maximized market value. Since the first step does not depend on the cost/tax of capital, b’ and 6
are independent of 75 in equilibrium.

This fact has two novel economic implications. First, we note that the case for regulating scale
here is much stronger than in other applications. In particular, the capital-specific elements of the
Le Chatelier/reverse leakage adjustment matrix L, which usually dampens the welfare impact of
regulating unregulated decisions, are zero. Moreover, the case for regulating scale is clearly stronger
when the regulator has a broad/environmental mandate, other things equal, since this mandate takes
into account the full marginal distortion 0 = X + V.

Second, we see from Equation (34) that the optimal level of the tax on capital is always given by
T, = 0k, which corresponds to the first best or Pigouvian correction. The absence of reverse leakage
implies that there is no incentive to over- or underregulate scale, once the regulator is allowed to
do so. This is true even when the regulation of leverage and portfolio decisions is imperfect (with
Ty 75 51, and/or TH 75 59)

5 Further Applications

This section, which presents four minimal applications of our general results, has several purposes.
First, these applications show how our general results can be employed to determine the optimal
second-best policy in several scenarios of practical relevance. Second, these applications illustrate
how our general results encompass widely studied rationales for regulation, including bailouts,
pecuniary externalities, and internalities. Third, by studying specific applications, we can connect
leakage (and policy) elasticities and Pigouvian wedges to model primitives. Finally, we discuss
how to use our general results to interpret empirical findings and guide measurement efforts in the
context of each application.

Table 1 provides a schematic summary of our applications. Each application is designed to be

the simplest one that illustrates the form of the optimal second-best policy in a particular second-
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best scenario.'” In the Online Appendix, we provide detailed derivations for each application.
In Application 1, we study a model in which some investors are unregulated and regulation is
motivated by the presence of implicit government subsidies. In Application 2, we consider an
environment where regulation constrains the ratio of investors’ risky investments to borrowing. In
this application, a behavioral distortion (distorted beliefs) provides the rationale for intervention. In
Application 3, regulation is constrained to be uniform across different investment, with intervention
motivated by government bailouts, which yields new insights into asset substitution problems. In
the final application, we analyze a model of fire-sale externalities — along the lines of Lorenzoni

(2008) — with regulation constrained to be uniform across different investors.

Table 1: Summary of Minimal Applications

’ Application ‘ Instrument ‘ 1 ‘ N ‘
#1 Shadow Banking Unregulated Investors 211
#2 | Behavioral Distortions Unregulated Decisions 1] 2
#3 Asset Substitution Uniform Decision Regulation | 1 | 2
#4 | Pecuniary Externalities | Uniform Investor Regulation | 2 | 1

Note: The column I denotes the number of investors and the column N denotes the number of decisions.

5.1 Application 1: Shadow Banking/Unregulated Investors

The notion of shadow banking is typically used to describe the financial activities that take place
outside of the regulated financial sector.'® In this application, we consider an environment with
two types of investors, in which only one type of investor can be regulated (the traditional sector),

while the other is outside of the scope of the regulation (the shadow sector).

Environment. We assume that there are two types of investors i € {1,2}. In this application,
investors should be broadly interpreted as financial intermediaries or banks. Investors have risk-

neutral preferences given by
G0 [ el (s) P (s),
with budget constraints
= b+ QF () — i+ T
i (s) = nd (s) + max {vis 4t (bi, s) — bi,O} , Vs.

At date 0, an investor i endowed with ng chooses the face value of its debt, b*, which determines the

amount of financing obtained at date 0, Q' (b'), determined in equilibrium by creditors, as described

'"One could also study the role of imperfect corrective regulation in models of strategic behavior and imperfect
competition, as in Corbae and D’Erasmo (2021, 2025) and Corbae and Levine (2018, 2019), or in the context of
regulation of asset markets, as in Cai, He, Jiang and Xiong (2021) or Davila (2023).

8Pozsar, Adrian, Ashcraft and Boesky (2010), Gorton, Metrick, Shleifer and Tarullo (2010), and Claessens, Pozsar,
Ratnovski and Singh (2012) provide a detailed overview of shadow banking institutions, activities, and regulations.
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below. Investor ¢ faces a corrective tax Tlf per unit of b’ due at date 0. At date 1 in state s, investor
i receives v's, as well as a bailout transfer ¢* (b°, s).

Creditors are risk-averse, with preferences given by

u(cf) +50/u(c10 (5)) dF (s).

Their budget constraints are given by

_ Z Q! (bz) :

€L
& (s) =n¥ (s) + Z hP (bi, s) —(1+k) Zti (bi, s) , Vs,
icZ icT
where h' is the fraction of bonds purchased from investor i, and P° (bi, s) denotes the repayment
received by creditors from investor i in state s. At date 1, all bailout funds are raised from creditors,
with a constant net marginal cost of public funds x > 0. Note that investors only interact in this

application through changes in the price of credit, i.e., through the creditors’ stochastic discount
B (c§(s))

factor: m¢ (s) = )
(% CO

Equilibrium. For given corrective taxes/subsidies {7}, 72}, lump-sum transfers {73,753}, and
bailout transfers {t! (b',s),t% (b% s)}, an equilibrium is fully determined by investors’ borrowing
decisions, {b',b?}, and financing schedules, {Q* (b'),Q? (b?)}, such that investors maximize their

utility, given the financing schedules, and creditors set the schedules optimally, so that h' = h% = 1.

In the first-best scenario, the planner is able to set Tb and Tb freely. However, we are interested

in scenarios in which the planner cannot regulate type 2 investors, so
2 =0,
which makes the problem of choosing the optimal Tbl a second-best problem.

Optimal Corrective Policy/Simulation. First, Proposition 4 characterizes the form of the

optimal second-best policy. Next, we explore a numerical simulation of this application.

Proposition 4. (Shadow Banking/Unregulated Investors)
a) The marginal welfare effect of varying the corrective requlation of regulated investors, 7‘121, 18 given
by

aw db! ( 1_(%) db? 51,7

dr} — dr} dr!
where the marginal distortions in this application are defined by

(1+ k) /m Ot (,;;Z )dF(s), (35)
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Application 1: Marginal Welfare Gain Application 1: Relaxing Regulatory Constraint
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Figure 2: Shadow Banking/Unregulated Investors (Application 1)

Note: The left panel of this figure compares the marginal welfare effects of varying corrective regulations in two
different scenarios. The green dashed line corresponds to the first-best scenario in which the horizontal axis corresponds
to 7, = 74 = 7¢. The solid blue line corresponds to a second-best scenario in which 77 = 0 and the horizontal axis
corresponds to 7. Since we assume that both types of investors are symmetric, the value of 7, that makes the first-best
marginal welfare effect zero defines the first-best regulation. The value of 74 that makes the second-best marginal
welfare effect zero defines the second-best regulation.

The right panel of this figure illustrates Proposition 2 by showing the marginal value of being able to regulate the
shadow sector. The solid dark blue line corresponds to the total marginal welfare gain of increasing 72, while 73 is
continually adjusted to be at the optimal second-best value given 7. The total gain can be decomposed into a direct
effect, which corresponds to Zf—ng in Equation (13), and a reverse leakage effect, which corresponds to Zf—ngU
in Equation (13). The green dashed line corresponds to the direct effect of relaxing the regulatory constraint, while
the light blue dotted line corresponds to the reverse leakage effect. Note that both the direct effect and the reverse
leakage effect are zero at the first-best, when 7, = 7 = 72 = 2.60%, but have opposite signs otherwise.

To generate this figure, we assume that the bailout policy is linearly separable: ¢* (bi, s) =al —als+aib’, and that
creditors’ utility is isoelastic: u (c) = 611:,: . The parameters used to generate this figure are 8* = 0.7, ¢' = 0.25, v* =1,
ah =al =0, a) =0.01, for i € {1,2}. Also x = 0.13, v = 6, B¢ = 0.98, nJ = 50, and nf (s) = 50 + 0.1s, where s
is normally distributed with mean 1.3 and standard deviation 0.3, truncated to the interval [0, 3]. For reference, the
optimal first-best regulation is 7 = 72 = 2.60%, while the optimal second-best regulation, when the second type of
investors cannot be regulated, is 74 = 1.99%. Since borrowing decisions are gross substitutes in this application, the
optimal second-best policy is sub-Pigouvian (14 < ).
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where m© (s) denotes the stochastic discount factor of creditors.

b) The optimal corrective regulation satisfies

1\ 1 52
i ()
dr, dr,
Proposition 4 is an application of Lemma 1 and Proposition 1 and exploits the structure of this

application to extract further insights. In this application, the marginal distortions associated

ot (b',s)
obt

default deadweight losses « if present, valued using the creditors’ stochastic discount factor. The

with borrowing, g, are determined by the expected marginal bailout , augmented by

departure of the optimal regulation from the first-best critically depends on the leakage elasticity
db?

of the relevant leakage elasticity (e.g., Irani, Iyer, Meisenzahl and Peydro, 2021; Buchak, Matvos,

and the unregulated distortion 53. A number of recent studies provide direct measurements

Piskorski and Seru, 2024).' In this application, consistent with the empirical literature, we find
that tighter regulation on the regulated sector (higher 7}) increases the activities carried out by
the unregulated /shadow sector (% > 0), so leverage choices are gross substitutes. Therefore, we
expect the optimal second-best policy to be sub-Pigouvian (Tbl < (5;).20

Moreover, the presence of unregulated investors may exacerbate the welfare distortion 5;
associated with regulated investors. Concretely, when unregulated investors receive bailouts in state
s, the marginal utility of creditors increases in this state due to taxation. In Equation (35), this
increases the distortion associated with marginal increases in regulated investors’ leverage. In this
sense, our results reconcile two common narratives. On the one hand, leakage to the shadow banking
system motivates sub-Pigouvian regulation. On the other hand, the optimal corrective policy must
also adjust to increases in overall leverage, which raise marginal distortions 6; in general equilibrium.

An instructive special case, which we use to solve the model numerically, is obtained by using a
linearly separable bailout policy: ¢ (bi, s) = o —ais%—a};bi, where o, a}; > 0. In this case, marginal

_ 14w

distortions 6}; = R—ai are invariant to policy, and the optimal corrective regulation is

Lol '\ a
Ty = —=7— |- -
b R b dr} dr} bl

19This work focuses on the elasticity of substitution between the market share of regulated and unregulated
investments. While we have held the scale of investment fixed in this application, but one could easily extend the
framework to account for both leverage and investment choices, in which case the measured elasticities of substitution
in those papers become directly relevant. In addition, our application highlights that the elasticity of substitution
between regulated and unregulated leverage is a key statistic for second-best regulation.

29Note that one can also use this model to analyze quantity-based policies, such as capital requirements. For instance,
suppose that regulated investors are subject to a binding quantity regulation b* < b', where the regulator chooses

the upper bound b'. In our model, a marginal change db® is equivalent to the local tax reform dr} = (iﬂ) db*.

dr
b
-1
The associated leakage elasticity is % = (%) %, and the optimal corrective regulation in Proposition 4 can be
b b
alternatively expressed as
2
1 1, db” o
Ty = (517 + f(sb .
db?
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where Rf = ( [mC (s)dF (s))_1 denotes the creditors’ riskless discount rate.

The left panel of Figure 2 illustrates the comparison between the first-best and second-best policy
when simulating this model. To more clearly illustrate the insights that we present in this paper, in
Figure 2 we assume that both types of investors are ex-ante identical, and that the only difference
between the two is that investor 2 cannot be regulated. Given this symmetry assumption, it is
possible to represent the marginal value of varying the regulation 7, = Tbl = 7'b2 for both investors,
which yields the first-best regulation when % = 0. In contrast, the solid line in Figure 2 shows the
marginal value of varying the regulation that investor 1 faces (the traditional sector), when investor
2 (the shadow sector) is unregulated, that is, when Tb2 = 0. As implied by our theoretical results,

dv?

since £2r > 0 and % < 0, we find that the optimal second-best policy is sub-Pigouvian, so the

dr,

optimal second-best regulation that investor 1 faces is lower than the first-best regulation. In this
particular simulation, the optimal first-best regulation is Tbl = Tb2 = 2.60%, while the second-best
regulation (when 72 = 0) is 7! = 1.99%.

The right panel of Figure 2 illustrates Proposition 2 by showing the marginal value of being able
to regulate the shadow sector. This panel provides a clear illustration of the Le Chatelier /reverse
leakage adjustment discussed above. Regardless of whether the shadow sector is underregulated
(when 72 is below first-best) or overregulated (when 77 is above first-best), the reverse leakage
effect has the opposite sign of the direct effect of adjusting the regulation of the shadow sector,
attenuate welfare gains/losses. This illustrates how the presence of perfectly regulated decisions

contributes to attenuating the welfare gains of relaxing constraints on regulation.

5.2 Application 2: Behavioral Distortions/Unregulated Decisions

In this application, we characterize the form of the optimal scale-invariant policy in a model in

which regulation is motivated by belief distortions.

Environment. We assume that there is a single type of investor, in unit measure and indexed
by 4, and a unit measure of creditors, indexed by C'. Both investors and creditors have risk-neutral

preferences given by
ch + ﬁz/cll (s)dF'(s) and c§ —f—ﬁc/clc (s)dFC (s),

where F(s) and F¢ (s) denote the beliefs (cumulative distribution functions) of investors and
creditors over the possible states. Endowments and technologies are specified as in Section 4, with
the simplification that investors do not choose the composition of their capital portfolio. Accordingly,

the budget constraints of investors at date 0 and date 1 are given by

ch=np+Q () K~ (k)
i (s) =nt (s) + max {s — b, 0} k', Vs.
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Creditors’ budget constraints are given by

o =nf — Q" (v') K
& (5) = nf (s) + hiP? (bi, s) k', Vs,

where P (b?, 5) denotes the repayment received by creditors from investors in state s per unit of
investment.

As in Section 4, we consider regulation via a capital requirement
bt < b

We show below that this is equivalent to a corrective tax on leverage choices b'.

We assume that the planner computes welfare using different probability assessments than
those used by investors and creditors to make decisions. This provides a corrective rationale for
intervention. As highlighted in Davila and Walther (2023) and Proposition 5 below, the rationale
for regulation is determined by the difference between private agents’ and the planner’s valuations
per unit of risky investment, which represent a levered version of Tobin’s ¢q. These valuations are,

respectively, given by
M (b') = 5i/max {s=t,0}dF (s) +BC/7ﬂ' (v,5) dF€ (s)
MF (b) = 5i/max {s - b",o} dF? (s) + ¢ /Pi (b s) dFF (s),

where FT (s) denotes the probability distribution used by the planner to calculate welfare.

Equilibrium. For a given leverage cap b, an equilibrium is defined by an investment decision, &,
a leverage decision, b°, and a default decision rule such that i) investors maximize their utility given
Q* (+), and ii) creditors set the schedule Q° (-) optimally, so that h* = 1.

In the first-best scenario, the planner is able to set corrective taxes on both leverage and
investment. In this application, the planner’s only instrument is the leverage cap b, which is
imperfect. This can be seen by writing investors’ first-order conditions as

OM (b o ,

V) =1 and M (62,6’) - (k) = 0.

b K b

As in Section 4, the planner can therefore impose an effective tax on leverage via b, but cannot

affect investors’ marginal incentive to create investment capital k.

Optimal Corrective Policy/Simulation. In Proposition 5, we characterize the form of the

optimal second-best policy, which we discuss along with a numerical simulation.

Proposition 5. (Behavioral Distortions/Unregulated Activities)
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Application 2: Marginal Welfare Gain
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Figure 3: Behavioral Distortions/Unregulated Activities (Application 2)

Note: This figure compares the marginal welfare effects of varying the corrective regulation in two different scenarios.
The green dashed line corresponds to a scenario in which 7} is set at the first-best level. The solid blue line corresponds
to a second-best scenario in which 77 = 0. Therefore, the value of 77 that makes the first-best marginal welfare effect
zero defines the first-best leverage regulation, since 7/ is already set at the first-best level. The value of 7¢ that
makes the second-best marginal welfare effect zero defines the second-best regulation. To generate this figure, we
assume that the adjustment cost is quadratic: T (kl) = k' + 5 (k’)2 The parameters used to generate this figure
are Bi = 0.9, BC = 0.95, qﬁi = 0.8, and a = 1. We assume that investors and creditors perceive s to be normally
distributed with mean 1.5 and standard deviation 0.4, and the planner perceives the mean to be 1.3 instead. For
reference, the optimal first-best regulation is given by 77 = 2.91% and 7{ = 18.45%, while the second-best regulation,
when investment cannot be regulated, is 7 = 3.21%. Since leverage and investment decisions are gross complements
in this application, the optimal second-best policy is super-Pigouvian (1¢ > i) .

a) The marginal welfare effect of varying the requlation of investors’ leverage, Té, s given by

aw db’ (Tg B 51@)) _ dk*

i ¥
i k>
dr}

dTg N dr}
where the marginal distortions in this application are defined by

i AM () dM” (i)
b b db'

and 88 = M (b) — MP (b) :

b) The optimal corrective requlation satisfies

s v\ " dk? .
T =0, — | ——— —0y.
b b dry dry k

Proposition 5 is the counterpart of Lemma 1 and Proposition 1, and it identifies the distortions
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associated with leverage and investment the planner perceives. In this application, the welfare
distortion associated with leverage, d?, is driven by the difference in marginal valuations, while the

distortion associated with investment, 5};, is driven by the difference in the level of valuations. In
db’
dTg

this application we have < 0 and, critically, the leakage elasticity from leverage to investment

dk!
' drt
implied by our results in Section 3, the optimal second-best regulation on leverage is super-Pigouvian
(5 > 0)-

Importantly, a comparison between this application with the previous one (shadow banking)

is negative, that is

< 0, implying that leverage and investment are gross complements. As

highlights that both leakage elasticities featuring substitutes and those featuring complements are
important in common regulatory scenarios. A number of recent empirical studies confirm that the
leakage elasticity from leverage to risky investments is negative, in the sense that banks with lower
capital ratios originate a larger volume of risky loans (e.g., Jiménez, Ongena, Peydr6 and Saurina,
2014; Dell’Ariccia, Laeven and Suarez, 2017; Acharya, Eisert, Eufinger and Hirsch, 2018).

Figure 3 compares the marginal welfare effects of varying regulation in the first-best and second-
best scenarios when simulating this model. To illustrate the first-best solution for leverage, we fix T,i
to its first-best value when showing the marginal welfare associated with varying Tg. The second-best
marginal welfare gain simply sets Tli = 0. As implied by our theoretical results, the optimal second-
best policy is super-Pigouvian, so it is optimal for the planner to overregulate leverage relative to
the first-best scenario. In this particular simulation, the optimal first-best regulation is T,f = 2.91%
and 7} = 18.45%, while the second-best regulation (when 7¢ = 0) is 77 = 3.21%.

5.3 Application 3: Asset Substitution/Uniform Decision Regulation

A common concern in financial regulation is that corrective policy instruments are somewhat coarse
in practice. For example, when imposing capital requirements on banks, financial regulators tend
to set risk weights for wide classes of risky investments (e.g., mortgage loans), but within the class,
banks can freely optimize their portfolios (e.g., among loans to borrowers with different credit scores)
without any change in the associated capital charge. In our model, this situation corresponds to
a uniform regulation across different capital investments. In this application, we consider uniform
corrective policy in a model where investors enjoy government guarantees. We use the properties of
uniform regulation to derive new insights into the classical asset substitution problem (e.g., Jensen

and Meckling, 1976), and characterize the optimal second-best policy.
Environment. We assume that there is a single type of investor, in unit measure and indexed

by 4, and a unit measure of creditors, indexed by C'. Both investors and creditors have risk-neutral

preferences given by

ch —f—ﬁi/cil (s)dF (s) and c§ +,BC/C? (s)dF (s).
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Application 3: Marginal Welfare Gain
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Figure 4: Asset Substitution/Uniform Activity Regulation (Application 3)

Note: This figure compares the marginal welfare effects of varying the corrective regulation in two different scenarios.
The green dashed line and the light blue dotted line illustrate the first-best regulation. The green dashed line
corresponds to a scenario in which 77 is set at the first-best level (previously computed), while the light blue dotted
line corresponds to a scenario in which 7} is set at the first-best level (previously computed). Therefore, the values of
7+ and 77 that respectively make each line zero define the first-best regulation. The solid dark blue line corresponds
to a second-best scenario in which 7 = 7} = 72, so its zero defines the second-best regulation. To generate this
figure, we assume that the adjustment cost is quadratic: T (ki,k%) =z (k{)Q + % (ké)z We also assume that
d1 (s) = p1 + o1s and da () = p2 + 025 when s is distributed as a standard normal. The parameters used to generate
this figure are ' = 0.8, 8¢ =1, k =01, 21 = 20 = 1, b' = 1.4, 1 = 1.5, pe = 1.3, 01 = 0.3, and 02 = 0.5. For
reference, the optimal first-best regulation is given by 74 = 2.27% and 72 = 0.39%, while the second-best regulation,
when the regulation is uniform, is 7, = 1.33%.

The budget constraints of investors at date 0 and date 1 are given by
ch= my =T (K1) — k] — o+ 7

¢ (s) = Inax{dl (s) K} +do () kb +t ( kb b s) - bi,O} , Vs

At date 0, investors, endowed with n}, choose the scale of two risky capital investments k% and
ki, which are subject to an adjustment cost of T ( ¢ k:é) Hence, investors make |X| = 2 free choices
regarding their balance-sheet.

At date 1, investors earn the realized returns on capital investments k% and k%, which are given
by d1 (s) and ds (s) and are increasing in s. In addition, they receive a bailout transfer ¢ (k}, k%, b, s)
from the government. We further assume that investors have legacy debt (i.e., debt issued before
the start of the model) with face value b’. Hence, investors owe a predetermined repayment of
b® to creditors at date 1. We make this simplifying assumption in order to sharpen our focus on

asset substitution, which describes investors’ choice between different risky investments, as opposed
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to leverage choices. At date 1, investors consume the difference between i) the cash flow from
investments augmented by the bailout transfer and ii) the debt owed, if this difference is positive.
Otherwise, they default and consume zero.

For simplicity, we focus on a particular form of bailout that fully prevents default — this may
correspond to an investor that is “too big to fail”. Concretely, we assume that the government

bailout is equal to the minimum amount required to avoid default
t (K, k3, b, 5) = max {b' — dy (s) k| — da () kb, 0} (36)

Given this form of bailout policy, creditors are guaranteed a repayment of b* at date 1. We write
s* (k%, k%) for the threshold state below which bailouts are positive.?!

Hence, the budget constraints of creditors at date 0 and date 1 are given by
c§ =n§ and  (s) =n{ (s)+ b — (1+/<a)t< ’i,ké,bi,s) , Vs.

Even though creditors are always repaid b’ in every state, we assume that in order to finance
the bailout, the government imposes a tax of (1 + k) per dollar of bailout on creditors, where
% > 0 measures the deadweight fiscal cost of bailout transfers. The rationale for regulation in this
environment is a classical “moral hazard” argument. Investors, whose debt is implicitly guaranteed
by the government, do not internalize the impact of their risky capital investments on fiscal costs,

which ultimately reduces the consumption of creditors.

Equilibrium. For given corrective taxes/subsidies {T,i, 7‘]?}, lump-sum transfers T = 7. k! —i—T]?k‘%,
bailout policy ¢ (ki, k%, b, s), and legacy debt bi, an equilibrium is defined by investment decisions
such that investors maximize their utility. In the first-best scenario, the planner is able to set 7']1
and 77 freely. However, we are interested in a scenario in which the planner is unable to treat
investments differentially for regulation purposes. Thus, the planner chooses 7']% > 0 and 7',? >0

subject to the uniform regulation constraint:

Tk = Tkl; = T,f.
Optimal Corrective Policy/Simulation. In Proposition 6 we characterize the form of the

second-best policy, which we discuss along with a numerical simulation.

Proposition 6. (Asset Substitution/Uniform Activity Regulation)
a) The marginal welfare effect of varying the uniform corrective regulation of capital investments,
T = 7‘,% = 7‘]?, is given by A ‘

aw  dky ,_ dk},

= -0
dre — dry ar, e 02,

2'Formally, for a fixed value b* of legacy debt, this threshold is the unique solution to b — dy (s) ki — da (s) k5 = 0.
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where the marginal distortions in this application are defined by

s* (ki kL)
5= (1+5) 50/ d; () dF (s).

S

b) The optimal corrective requlation satisfies

dki dk}
_ &7y a7y
T = — _§ 4 —Jo.
T L 45 LY G L 2
dr,,  dTg T, ' dTg

Proposition 6 identifies the distortions associated with the different types of investment decisions
in this application. The shape of the distortions ¢; highlights the nature of the asset substitution
problem: investors’ private incentives are driven by the returns to investment in “upside” states s >
s*( 4 ké), while the planner’s concern about bailouts focuses on “downside” states s < s* ( 4 ké)
The optimal uniform regulation is a weighted average of the downside distortions imposed by both
types of capital. As implied by our general results in Section 3, the appropriate weight assigned by

the planner to each of the distortions in the optimal second-best policy is given by how sensitive

dkl dk?,
1 2
. P . . . dT dT . .
each capital decision is to changes in the regulation, —= T — and — T —- Figure 4 illustrates
1 2 1 2
dtp ' dTy dtp © dTy

this intuition by comparing the marginal welfare effects of varying regulation in the first-best and
second-best scenarios.

Assuming that investment costs are quadratic, it is possible to provide further intuition on how
the weights % and % are determined. The optimal weights depend on i) the sensitivity of the
probability of receiving a bailout to the uniform regulation, and ii) the marginal contribution d,, (s*)

of each asset class at the bailout boundary. Intuitively, a large ratio 3?83 means that changes in

the default boundary affect mostly returns to kb, which makes investors’ optimal investment in k%

more sensitive to the uniform regulation.

5.4 Application 4: Pecuniary Externalities/Uniform Investor Regulation

Pecuniary /fire-sale externalities coupled with incomplete markets and/or collateral constraints
provide a well-studied rationale for corrective macro-prudential regulation. The natural notion of
efficiency in those environments, constrained efficiency, typically requires agent-specific regulations,
which can be mapped to our first-best benchmark. In this application, we study the form of the
second-best policy in an environment in which it would be optimal to set investor-specific regulations,

but the planner is constrained to set the same corrective regulation for all investors.
Environment. We assume that there are two types of investors/entrepreneurs, indexed by

i € {1,2}, and households, indexed by H — who in a richer model would also play the role of

creditors. There are three dates, t € {0, 1,2} and no uncertainty. Investors, who for simplicity do
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not discount the future, have preferences of the form:
ut :cé—i—c’f%cé,

subject to non-negativity constraints, ¢ > 0, ¢ > 0, ¢4 > 0, where their budget constraints are

given by
ch=nh— " (k‘f)) — Tk + T
¢ = q (kb — k) — €'k

cy = 2'kj.

At date 0, an investor i endowed with n} chooses how much to produce, ki, given a technology
Y% (kj). Investor i also faces a tax 7). per unit invested at date 0. At date 1, an investor i must
reinvest £ > 0 per unit of invested capital at date 0, which needs to be satisfied by selling k — k¢
units of capital at a market price ¢ — this is a simple way to generate a fire-sale. At the final date,
any capital left yields an output z'ki. For simplicity, we assume that, in equilibrium, 7% = T]ikié, Vi.

Households, who exclusively consume at date 1, have access to a decreasing returns to scale

technology to transform capital into output at date 1. Formally, the utility of households is
ut = ot — F (k1) - qh

where F () is a well-behaved concave function and k{7 denotes the amount of capital purchased
by households at date 1. The solution to the households’ problem will define a downward sloping

demand curve for sold capital at date 1.

Equilibrium. For given corrective taxes/subsidies {7, 77} and lump-sum transfers {13,T3} =
{T,%kl,T,?k:g }, an equilibrium is fully determined by investors/entrepreneurs’ investment decisions
{k:(i), ki} at dates 0 and 1, households’ capital allocation k{7 at date 1, and an equilibrium price ¢,
such that investors’ and households’ utilities are maximized, subject to constraints, and the capital
market clears, that is, >, (k§ — k%) = ki1

In the first-best scenario, the planner is able to set 7} and 7‘,? freely. However, we are interested

in scenarios in which the planner must regulate both investors equally, so

T = Tkl; = T]?,
which makes the problem of choosing the optimal 75 a second-best problem.
At date 1, the non-negativity constraint of investors’ consumption will necessarily bind, so the
amount sold by investor ¢ at date 1 will be proportional to date 0 investment: kf) — ki = %ké. The
households’ optimality condition is given by ¢ = F” (k:fl ) . When combined with market clearing and

the optimal investment decision at date 0 , we show that the equilibrium price can be characterized
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Application 4: Marginal Welfare Gain
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Figure 5: Pecuniary Externalities/Uniform Investor Regulation (Application 4)

Note: This figure compares the marginal welfare effects of varying the corrective regulation in two different scenarios.
The green dashed line and the light blue dotted line illustrate the first-best regulation. The green dashed line
corresponds to a scenario in which 77 is set at the first-best level (previously computed), while the light blue dotted
line corresponds to a scenario in which 7} is set at the first-best level (previously computed). Therefore, the values of
7+ and 77 that respectively make each line zero define the first-best regulation. The solid dark blue line corresponds
to a second-best scenario in which 74 = 72 = T4, so its zero defines the second-best regulation. To generate this

figure, we assume that the adjustment cost of investment is quadratic: Y* (k:(’)) = “—21 (ké)Q, and that the technology

_ ()

of households is isoelastic: F (kf{ ) = ~—-—. The parameters used to generate this figure are a = 0.5, a' =a® =1,

2t =22 = 1.5, €' = 0.3, and €2 = 0.4. For reference, the optimal first-best regulation is given by 7} = 3.43% and

72 = 4.57%, while the second-best regulation, when the regulation is uniform, is 75 = 3.99%.

in terms of primitives as the solution to

-6

where we have assumed quadratic adjustment costs T? (k})) = %Z (k:é)2 and the isoelastic production

k)
function F (kf) = %
Optimal Corrective Policy/Simulation. In Proposition 7 we characterize the form of the

second-best policy, which we discuss along with a numerical simulation.

Proposition 7. (Pecuniary Externalities/Uniform Investor Regulation)
a) The marginal welfare effect of varying the uniform corrective regulation of investments, T) =
7',% = T]?, s given by

dw  dk} /- dkg /_
W al) + 8 (- ),



where

i Oq a ‘ ¢
5k_—6k62<q—1> (k6 — kf) -

(=1

b) The optimal corrective requlation satisfies

dk} k2
= _ _ dm 1 dry 2
T =G a0 T e a0k
dr, Tk dr, T ATk

Proposition 7 identifies the distortions associated with the investment choices of
investors/entrepreneurs. In this application, the distortion is generated by a distributive pecuniary
externality, using the terminology of Davila and Korinek (2018). Consistent with the results in that

paper, this type of externality is determined by price sensitivities, differences in marginal valuations,

and net trade positions. In this case, these three statistics are given by 86/38’ %Z — 1, and ké — k{ .
Note that 4} includes the sum of the latter two terms across both types of investors, since a given
investor does not internalize how his own investment decision affects prices and consequently the
welfare of other investors of the same and different types.

As implied by our general results in Section 3, the weight assigned by the planner to each of the
distortions in the optimal second-best policy is given by the sensitivity of each investment decision
to changes in the regulation. Figure 5 illustrates this intuition by comparing the marginal welfare
effects of varying regulation in the first- and second-best scenarios. Comparing Applications 3 and
4, it becomes evident that the principles that guide the second-best regulation when forced to be

uniform across choices for a given agent or across agents for a given choice are identical.

6 Conclusion

This paper has systematically studied optimal corrective regulation with imperfect instruments.
We have shown that leakage elasticities from perfectly regulated to imperfectly regulated decisions,
along with Pigouvian wedges, are sufficient statistics to determine the optimal regulation of perfectly
regulated decisions. Notably, the optimal second-best policy hinges on whether perfectly and
imperfectly regulated decisions are gross substitutes or complements. Reverse leakage elasticities
from imperfectly to perfectly regulated decisions influence the optimal regulation of imperfectly
regulated decisions and determine the social value of relaxing constraints on regulation — a novel
instance of the Le Chatelier principle. We have explicitly characterized the optimal second-best
policy in three practical scenarios: unregulated decisions, uniform regulation, and convex costs of
regulation.

We have leveraged the general methodology to highlight the common fundamental economic
principles in a number of practical scenarios, such as financial regulation with environmental
externalities, shadow banking, behavioral distortions, asset substitution, and fire-sale externalities
with heterogeneous investors. We hope that our general results spur the development of future

measurement efforts and new applications of practical interest.
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ONLINE APPENDIX

Section A of this Online Appendix provides explicit definitions of the vectors and matrices used in the paper.
Sections B, C, D provides proofs and derivations for Section 3, 4, 5 of the paper. Section E presents additional

proofs and derivations.

A Matrix Definitions

Investor i’s decisions, regulations, and marginal distortions can be expressed as N x 1 vectors z*, 7%, and §°,

as follows:
xy 7] 0f
T i T __ 7 i 7
x' = xl , T = T , and &' = oL
2 i st
N 7 Nx1 N 7 Nx1 N /7 Nx1

These can be collected for all agents in IN x 1 stacked vectors, as follows:

ZBI Tl 61
z=| a , T=| 7 , and 6= & )
I I I
x INX1 T INX1 4 INXx1

where the vectors &' and & are defined analogously to «* and x.

The marginal welfare effects of varying all regulations, ‘fl—‘frv, are given by
dw
dw -
s dr
aw | h aw [ aw
— =] <= , where — = 7 ,
dr dr dTJ dry,
dW dw
d I
T INx1 arl ) Nx1

aw

]

denotes the marginal welfare effect of varying the regulation associated with decision n by

dw dx dx? i dxt ; '
i = a2 =22 g ()

K3

and where

investor j. Note that

The Jacobian matrix of decisions & with respect to 7, of dimension IN x IN, is given by

dz’® dz’,
dat da! ; e 1]\7
= - dr dr
dr dr i 1 1
dx . i . dx . dzt
— = : de’ : , where - = : 7
dr o dr B dr7 dr,,
da_ C. dx” dxz’® dx’,
dr’ drl INXIN 1 . N
d‘r]]\] dTIJV NxN
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. . . u . . .
In particular, the Jacobian matrix %, of dimensions R x U, can be written as

U )
dw - : dle

dTR ’ de/ ' ’

RxU

where the decisions are such that (i, n) are imperfectly regulated and (j,n’) are perfectly regulated. One can

similarly define %, g%ﬁ, and gf—g, with dimensions U x U, U x R, and R x R respectively, by switching the
sets of coefficients. This allows us to express Z—f when needed as

dx dz¥
dr dx dx :
dr¥  dtU J INXIN

We express the Jacobian of the constraints, %7 a matrix of dimension IN x M, as follows

el deM ‘Z‘I’T

dr! dr?! ™1
d®e . . asem
— = L der : , where — = )
dt : dTi : dri )

dd! o deM de™

I I y J
dr dr INxM dryy ) Nx1

and the vector of Lagrange multipliers associated with the constraints, wu, by
H1

UM ) pra

B Proofs and Derivations: Section 3

Investors’ problem: The problem solved by investor 4 in Lagrangian form is

- max L7,
ch{ei(s) ot

where L' is given by
£ = (e e O s (7))
B )\6 (06 —nf) _ Qi (wz) + i (a:’) Lortgt _Ti)

- / X (3) (ch (s) — md (5) — i () dF (5).

where \) and \! (s) denote the Lagrange multipliers that correspond to investor i’s budget constraints.?? The

consumption optimality conditions imply that A} = gzg and \¢ (s) dF (s) = afﬁ;). The optimality conditions

for investor i are given by

-\ <_ 8Qaig£fi) + or (“fci) + Ti> + / A1 (s) MdF (s) =0, Vi, (OA1)

ox' ox!

22Without loss of generality, we define the state s multipliers A{ (s) inside the expectation.
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where Equation (OA1) can be expressed as

Q" (:ﬂ) oY () ap is)
- . - —|—7' = | m'(s) ————=dF (s), Vi, 0OA2
ox’ w’ / 8:131 () ( )
where m’ (s) = /\f) denotes the stochastic discount factor of investor i.>> These conditions are Euler
equations for both financing and investment.
Formally, the N x 1 0 (e") (=) nd 7 are given by:
ormally, the N x 1 vectors —55—~, —5+, and T* are given by:
Q" oY’ i
. Oz’ . Ozt 1
Q' . oY | Lo
- = : , - = : , and T'=
oz’ - oz’ » :
Q" oY’ T
oz’ i, N

Similarly, we define the N x 1 vector [ X! (s) %dF (s) as follows:

S ¥ (s) 222 e s)

J 2 (s) 2l S)dF( )

Creditors’ problem: The problem solved by creditors in Lagrangian form is

C

{CC(S } {hc}
where £¢ is given by

£0 = (§ 45 (e AT or) ~ ( RONLIC)

i€l

—/)\10(5) <c§j —nf( th )dF()

€L

where \§ and A{ (s) denote the Lagrange multipliers that correspond to the creditors’ budget constraints.
The consumption optimality conditions imply that \§ = 2u” and X (s)dF (s) = ou _ The optimality

oc§ 0ct (s)”

conditions for creditors regarding {hlc} are
-\ Q" (2 / A (s) pf (2, 5) dF (s) = 0, Vi, (OA3)
where we use the fact that ' = ' in equilibrium. Equation (OA3) can be expressed as

z') = /mc () p¢ (z',s) dF (s), Vi, (OA4)

23Note that a sufficient regularity condition for the second term of Equation (OA1) to be valid is that p; (mi, s) is
continuous. Otherwise, all results follow when the second term is % [f X (s) ps (mi, s) dF (s)]
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AT (s)
)\C I
the stochastic discount factor m® (s) is an equilibrium object, which depends on the choices of all investors

where we define m® (s) = characterizing the financing schedules Q* ( ) that investors face. Note that

in the model and the policy.

Proof of Lemma 1a). (Marginal Welfare Effects of Regulation)

vt av<
Proof. We initially characterize the N x 1 vectors d)\*j’ and -4%-, which correspond to the money-metric
0 0

welfare changes of type i investors and creditors when 77 changes.

Investors: We express the financing schedules faced by investors as a function of the creditors’ stochastic
discount factor m® (s), which is in turn in equilibrium a function of the consumption of creditors in all dates
and states. This allows us to separately account for any general equilibrium pecuniary effects. Formally, we

represent the equilibrium financing schedules in Equation (OA4) for an investor i as follows:
Q" (= / m (z',s) dF (s),

where we make explicit the dependence on m® (s). The money-metric change in indirect utility for investor

1 when varying the regulation that investor j faces is given by the following N x 1 vector:

=0
=0
i . ou’ i . Bci (s) i
ﬂgwawt%+/M@dmfmgM@
Ab dri v dri N

(8@1 (:c -m¢ (s)) 8’1‘1 ii L Jr/m (‘3,01 x! S) dF(s))

dTJ 6.%’ 8$1

i i 90! i; C C L1 i
ar_ar Q@m@wm@+ de 1 0w (0A5)
dri  dri omC (s) dri = dri N, oz

where the NV x 1 vectors ZT and z7 are given by

v 1
dT' .
) dr?
dT* ' ;
- = : and =\ 2 ,
dT) - n
dT” :
dr, .
Ty
and where the matrlx £ of dimension NV x N, is given by

dri Iy, ifi=j
dri oy, ifi#j,

which is either a N-dimensional identity matrix, Iy, when ¢ = j, or a N x N matrix of zeros, O, when i # j.
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Q" (ml ;m® (5)) dmC (s) as

oOmC (s) dri

We also define the N x 1 vector

o /e (S)PZC (2',5) dF (s)
Q" (x';m® (s)) dm® (s) B
OmC (s) dri

[ et (',5) dF (5
Note that we use the fact that

dQ (z';mC (s))  da’ 0Q" 0Q"  dmC (s)
dri ~dTi ozt omC(s) dri

as well as o _ _ ‘ _
d(rt o' =T _drt , dxt , dT°

dri B d‘rjm + deT Cdri”

Note that gﬁg denotes a N x 1 gradient vector.
VC

Creditors: In the case of creditors, we can express the N x 1 vector j as follows:

=0

N 0uC
c au  \C 9c¥ (s) c
v _def [ acg Ao +/ e AT (9) | def (s)dF (s)
DY 2§ 2§ dri

D= Gt /m o a.5) a5 )

i€l
dQ’ (z';m¢ (s)) dp§ (x, s) dz’ 1 ou®
-y pf | =L O (s) =L dF —
ZEZI i ( o /m (s) = (s) ] + Z o )\g =
zt [0Q! o, 008 (x5) oQ"  dmC dz* 1 ou®
= — — 2 dF — - —
; dri (5)1}’ /m (5) ozt (5) p OmC (s) d7'7 Z dri \§ ozt’
=0
(OA6)
where in the second equahty we use the fact that hC = 1 and the fact that M = 37:’”; gﬁ, and where
the N x 1 vector aﬁ;i is given by
apf
Oz’
Opf _
ox a;;f
Bazév

Note that dij is defined above and ‘?;i[ denotes a N x 1 gradient vector.

Aggregation: First, we can express the sum among investors of the change in money-metric indirect utilities
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as follows:

avi A , A
dare dr* 8Q dm :c 1 8u
d‘rJ _ D
, 1 ou’ GQZ dm® (s)
7
z( Ty ) za e
where we use the fact that ] ) )
Z (dT’L _ dr’ :I:i) o E»Ti
= dri  dri = dri
as well as the following identity:
S dTi X, 0T Py dTi X\ 0T
Therefore, we can express g_‘fj as follows:
v’ ave
AW _ 5~ i
dri — Ao A
dx? ; 1 out dx' 1 ou®
= — | 7 + “NC A
S (" ) S
dx' | 1 out 1 ou®
s e (- (D))
i ( (zez Ao 0Z° - Ag O
—5i

Hence, by switching indexes and stacking we find that

dW  dx 5 dx

dr dT( —9) ar

as in Equation (10) in the text.

Proof of Lemma 1b). (First-Best Policy /Pigouvian Principle)
Proof. The optimal first-best regulation is characterized by

dW dm dx

dr dr” E(Tié)zo’

which defines a system of homogeneous linear equations in w. If the matrix of policy elasticities
invertible (i.e., has full rank), the only solution to this system is the trivial solution, in which w = 0 and

T =94.

Proof of Proposition 1. (Second-Best Policy: Perfectly Regulated Decisions)

Proof. At the second-best optimum, it must be that the marginal welfare effects of adjusting the regulation

of perfectly regulated decisions (those for which the planning constraints do not bind), satisfy < d‘rR = 0.
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Leveraging Lemma la), we can express these optimality conditions as
dW dx dx¥ da’t
aw _ dx _azi(U_aU) —(R—aR):o.
drft  drR (r=9) drE \" + dri \"

. . R . . . . .
Assuming that the matrix gf—R is invertible, we rearrange this expression as follows:

%(TR_éR):_%<TU_6U> — TR:(sR_(zllf}}:)l%(TU_aU)’

which corresponds to Equation (12) in the text. O

Proof of Proposition 2. (Second-Best Policy: Imperfectly Regulated Decisions)

Proof. Leveraging Lemma 1la), we can express the marginal welfare effects of adjusting the regulation of

imperfectly regulated decisions (those for which the planning constraints bind) as
dW dz¥ / , v dx®
a7 = (7 =8+ G (77— 8Y).
drv  drY <T AN

So defining the vector of Lagrange multipliers associated with the regulatory constraints by w, the optimality

conditions for such decisions are given by 429 = A%, along with ® (7V) = 0 when @ (-) captures

constraints.

From Proposition 1, we have that

R\ 1 .U
N drhi drh ’
so combining the last two equations we obtain

aw  daV (’TU _5U)  da® (da:R>1 daV (’TU _5U)

drU — drV drV \drh drt
dz¥ deV\ " daR [ def\ T daV v ) dxY U
e |1 (dTU> drv (dTR) | (77 =0") = G - D)t
=L
which corresponds to Equation (14) in the text. O

OA-7



C Proofs and Derivations: Section 4

Since creditors are risk-neutral, they must be indifferent between all quantities of debt purchased in

equilibrium. Hence, the valuation of debt per unit of capital in equilibrium is

Q' (v',0") = B¢ (L(w )bZdF +¢/ di(s) 0" +dg(s) (1—60") +t (b, 0",5)) dF (s) >

Substituting the valuation of debt and the budget constraints into investors’ objective function, and ignoring
exogenous endowments, we obtain the simplified version of their maximization problem in Equation (19).

Proof of Proposition 3 [Financial Regulation With Environmental Externalities]:
Adding the utilities of investors and creditors, imposing market clearing, and ignoring exogenous
environments, we find that maximizing welfare is equivalent to maximizing
5
W (b, 00 k") = (M (b,0") —(0") k' — T (k') — B° (1 + n)/ t(b', 0", s) k'dF (s) — W (") k'.
We can now write b’ (7 ) 0 (7 ) and k° (13, go) for optimal choices as a function of regulatory parameters,

and totally differentiate the welfare function with respect to b to obtain

AW . (OM db’ M ‘ a9 dE
g (2 s FE (o 0) — 6 ) L -5
db <8b’l ) db <aez (@) 9) b db

ot o dk*
b Ty’

. v
= k' —0p) — + Kk — 4,
(16 — 0p) 7 + k' (19 — 0p)

where we have substituted the definitions of {dp,dg, 0} from Equations (24) through (26), as well as the
first-order conditions (21), (22) and (23). Similarly, we differentiate with respect to ¢ to obtain

aw oM bt (OM : ot dk
- (3 _ Q/ 1\ _ -
dy - (317’ 5b) P o (39’ #) 59) de i d

db a0t dk
=k (= 6) 2 K (g — & _5
(o = 0v) dp (7o = %0) 55 do * dy

i

as stated in Proposition 3, part a). Part b) of the proposition follows by solving for 7, and 7 in the system
AW _ o dW
@ =0 G =0

@

Characterization of complementarities: Investors’ first-order condition for k* can be written as

J (b)) =Y (K'), (OAT)
where
J (b,p) = max {M (b',6") — Q (0") subject to b’ + @' < b}. (OASB)
By the envelope theorem, we have
a—{ =v2>0
0b
aJ i
% = —vf S 0,
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Figure OA-1: Financial Regulation with Environmental Externalities: Second-Best Comparative
Statics, Leverage (1)

Note: Figure OA-1 illustrates relevant comparative statics of our application on financial regulation with
environmental externalities. In particular, we show how different variables vary with different values of 7,, when
7% = 0 and when 7 is set at the second-best level (previously computed). The top row show equilibrium leverage b,
portfolio allocations 6%, and capital k*. The second row shows leverage, portfolio, and capital distortions, defined in
Equations (24) through (26), while the third row shows the associated Pigouvian wedges. The bottom row shows the
policy elasticity % and the two leakage elasticities, 2% and % (since in this figure we are keeping 79 predetermined).

?dTy
The parameters used are described in Figure 1.
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Figure OA-2: Financial Regulation with Environmental Externalities: Second-Best Comparative
Statics, Risk Weights (7p)

Note: Figure OA-2 illustrates relevant comparative statics of our application on regulation with environmental
externalities. In particular, we show how different variables vary with different values of 7,, when 7, = 0 and when 79
is set at the second-best level (previously computed). The top row show equilibrium leverage b¢, portfolio allocations
#¢, and capital k*. The second row shows leverage, portfolio, and capital distortions, defined in Equations (24) through

(26), while the third row shows the associated Pigouvian wedges. The bottom row shows the policy elasticity :Tbb and
the two leakage elasticities, 2% and dib (since in this figure we are keeping 79 predetermined). The parameters used

dTy d
are described in Figure 1.
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where v denotes the Lagrange multiplier on the constraint in (OA8). Totally differentiating (OA7), we now

obtain

aJ  dki_,

2= T (k)
0b db

oJ  dk'
7:7’1\// *
e )

so that the convexity of T () immediately implies

dk >0, dk

= <0
db de

=Y,

as claimed in the text.

Further simulation results: Given our functional form assumptions for the simulation, note that we

can express the default threshold s* (bi, Gi) as

" (bi F)i) B bt — (aé + aibi + aéﬁi)
’ 7d19i+d2(1—9i)—042.

Relatedly, note that the marginal distortions in Equations (24) through (26) correspond then to

5 = B9 (1+ K)o,

—_———
=Xb
ov (¢
09 =B (14 kK)ag + (, )
—— —— 00"
=xe =9

S

0k = B° (1+ k) <ag + b’ + b’ — ag/ sdF (s)> + U (67).

=i

=Xk

Also, note that
@ (07) =27 (@O) " (a ()" = (1 —a) (1-67)"),

OA-11

——



D Proofs and Derivations: Section 5

D.1 Application 1

Default and repayments: Investor i optimally defaults at date 1 if v's+¢ (b%,s) —b" < 0.** Assuming
that v’ + (b ) > 0, there exists a unique threshold s (bz) such that default occurs if and only if s < s™* (bl)

Therefore, the definition of the repayment eventually received by creditors, P? (bi7 s), is

s+ .0) o s ()

PO = se [s* (v).3].

In our simulation, we let t* (b, s) = af — als + ajb’, with o < v, so that we can solve explicitly for the

default threshold ]
w@0:<?‘%>w_.1 i

[—_——"} [——"
v (674 v (074

We further assume that creditors have constant relative risk aversion with coefficient ~.

Creditors’ optimal choices and asset pricing: We conjecture and verify that the price
Q" (b';mC (s)) of investors’ debt is a function of b’ and creditors’ stochastic discount factor m® (s) =
,BC (cl S))

(S Substituting creditors’ budget constraints into their objective, we obtain the simplified version

of thelr max1mization problem:

V5 0) = e (o - S0 <>>)

{(n'} 1€L

- Bc/u (n1 +Y WP s) - (L4 k)Y (bi,s)> dF (s),

i€l i€l

where V¢ (-) denotes creditors’ indirect utility as a function of investors’ debt choice and market prices.
The first-order conditions for this problem, combined with market clearing (h* = 1), yield the following
debt-pricing equation:

5

C () (¢'vis + £ (b, 5)) dF (s) + / m€ (s) bidF (s).

s - (b1)

Note that the stochastic discount factor in equilibrium must satisfy the fixed-point equation

ﬂCU (nl ( )+ZZ€IP1 (bl ) (1+H) Zielti (bl’s))
u (noc =D iezr Q1 (b5 mC (5))) .

m< (s) =

Investors’ optimal choices: Substituting investors’ budget constraints into their objective, and

ignoring exogenous endowments, we obtain the simplified version of their maximization problem:

2414 is straightforward to make bailouts depend on the decisions of all investors, as in, e.g., Farhi and Tirole (2012).

0OA-12
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Figure OA-3: Application 1: Second-Best Comparative Statics

Note: Figure OA-3 illustrates relevant comparative statics of Application 1 for different values of 7, when 7 = 0.
The top left plot shows equilibrium borrowing b° for both types of investors. The top right plot shows the equilibrium
creditors’ riskless rate, defined on page 31. The middle left plot shows the distortion associated with the borrowing
choice of each investor, §; and §7, defined in Equation (OA9) — note that the distortions move inversely with changes
in the riskless rate RY and quantitatively the changes are small. The middle right plot shows the Pigouvian wedge
associated with the borrowing decision of each investor, wi and w?. The bottom plot shows the policy elasticity %

b

and the critical leakage elasticity Z%i > 0. The parameters used are described in Figure 2.
b
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V' (13, T",m€ (s)) = max g’ / (v's + 1" (b, 5) — b') dF ()

bt i (bi)
+ Q' (bi; m¢ (s)) — bt + T,

where V' (-) denotes investors’ indirect utility as a function of regulation and market prices. The first-order

condition determining the optimal b° is
[ ot . Q" (b;mC (s))
-p* 1—— (¥ dF e
P /5,;*(,),;) ( b ( ’8)> &)+ =5 i

where

i (bi-mC (s 3 s (b') gy
w :/S m (s) dF (8)+/s ??i) (b%,5) m€ (s) dF (s)

— (1= gymC (s (1)) st () £ (5 (1))

Marginal welfare effects: The money-metric marginal welfare effects of changing the regulation Tg of
investor type j € {1,2} are given by

dw 1 dve© Zdvi
drj XS drf

where \§' = ' (c§'), since N = 1. Using an envelope argument parallel to our general results, we obtain,
abstracting from pecuniary effects that cancel after aggregating,

C % is 7
dvj (1+H)ﬂC/u’(cl(s))Zat(b.’)db dF (s),

dr; Py ob! dr
and .
dv? de
dTg d g

where we have used the assumption that T = 7/b". Thus, we obtain

6bl

"L

(1+k) /m or (v, )dF(s) . (OA9)
=5

It follows that the first-best policy must satisfy 7{ = d;, i € {1,2}.

Proof of Proposition 4 [Shadow Banking/Unregulated Investors|:

Proof. The proposition follows directly by evaluating Equation (OA9) in the case where the planner is forced
to set 72 = 0. O

Further simulation results: Figure OA-3 illustrates comparative statics of the model in the context
of the second-best policy, in which 72 = 0.
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D.2 Application 2

Default and repayments: At date 1, investors optimally decide to default when s < b%, and to repay
otherwise. Therefore, the definition of the repayment eventually received by creditors per unit of capital &,
P (b, s), is

o is s s, b

zpz (bz78) _ ¢ [74 )

b se [bl,ﬂ .

Creditors’ optimal choices and asset pricing: Since creditors are risk-neutral, they must be
indifferent between all quantities of debt purchase in equilibrium. Hence, the valuation of debt per unit of

capital in equilibrium satisfies
o 5 b
Q' (bv') = B¢ < bidFC (s) + ¢ / sdF© (s)) )
bt s

Investors’ optimal choices: Substituting the valuation of debt and the budget constraints into
investors’ objective function, and ignoring exogenous endowments, we obtain the simplified version of their

maximization problem:

Ibrilak)i{M () k' — Y (k') — 7eb'k* — 7ok + T,
where M (bz) is given by

S

M (b)) = pi / (s — b) dF (s) + Q' ().

b
We assume that all corrective taxes/subsidies are reimbursed to investors with 7% = 7/b'k" 4+ 7}k*. The
first-order conditions in this problem, which yield demand functions for credit and investment, are given by

the solution to

dM (bt :
db(i ) -1 =0 (OA10)
M (b") =Y (k") — 7 =0, (OA11)

where

dM(bZ) :5C/bngC<s)_ﬁz/bngz(S)_(1_¢)60b1f6’ (bz)

Assuming that 0 < 8* < B¢ < 1 and that ¢ is not too small guarantees an interior solution for leverage. Note
that the equilibrium value of b’ is independent of k%, and consequently of 7;. In our simulation, we assume
that investment adjustment costs are quadratic, i.e., T (k’) =k + 3 (ki)z, in which case Equation (OA11)
takes the form

K= (M) 1 7).

Marginal welfare effects: Social welfare for a planner who computes welfare using beliefs F* and
FSF is given by

W =M" )k -7 (k),
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where MP (b’) denotes the present value of payoffs under the planner’s beliefs

s

MP (bi) _ ﬂi/

bt

i

s bl P (g c gi C.P (¢ bis C.P (4
(s=b")dF"" (s)+ (/bbdF ()+¢/S dF ()).

The marginal welfare effects of varying 7{, after differentiating and substituting investors’ first-order

conditions, can be written as

aw  dMF (b') bt b o dE
dTg 7TdTg+(M (b)_T (k)) dTg
I D g G CO RN i i Py | 9K
5
6i

b

Proof of Proposition 5 [Behavioral Distortions/Unregulated Activities]:

Proof. The proposition follows directly by evaluating Equation (OA12) in the case where the planner is forced
to set 7{ = 0. O

Further simulation results: Figure OA-4 illustrates comparative statics of the model in the context
of the second-best policy, in which T,i = 0.

D.3 Application 3

Default and repayments: The bailout policy specified in Equation (36) implies that investors always
(weakly) prefer not to default. Creditors are therefore guaranteed a repayment equal to the face value of
legacy debt, b*. We treat b* as an exogenous constant throughout this application. The threshold state below
which bailouts are positive, denoted s* (ki, k%), is implicitly defined by

b =dy (s* (ki kb)) ki +do (s* (k1. K5)) Kb

Notice that this equation has a unique solution because we have assumed that the returns to investment,

dy (s) and ds (s), are increasing in s.

Creditors’ optimal choices and asset pricing: In this application, we assume for simplicity that
investors’ debt b is legacy debt, i.e., issued before the start of the model. Therefore, there is no market for
debt, and no market price, at date 0. Creditors are passive agents who simply consume their endowments and
debt repayments, and pay the taxes raised for bailouts. Creditors’ indirect utility, as a function of investment
choices, is then given by

vV (ki kL) = B¢ <bi— (1+ k) /Et(ki,k;bi,s) dF (s)>

, s*(kiks) . .
= B¢ (b’ —(1+ KJ)/ ( (b" —dy (s) K — da (s) k) dF (s)) .
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Figure OA-4: Application 2: Second-Best Comparative Statics

Note: Figure OA-4 illustrates relevant comparative statics of Application 2 for different values of 7,, when 7, = 0.
The top left plot and the top middle-left plot show equilibrium leverage b and investment k. The top middle-right and
right plots show the leverage distortion 0, and the capital distortion dy, respectively. The bottom left plot and the
bottom middle-left plot show the associated Pigouvian wedges, wy and wy. The bottom middle-right plot and bottom
right plot show the policy elasticity % and the leakage elasticity %. The parameters used are described in Figure

3.
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Investors’ optimal choices: Substituting investors’ budget constraints into their objective, and

ignoring exogenous endowments, we obtain the simplified version of their maximization problem:

Vi (rt, 72, T") = max 5 / [dy () K} +do (s) K — b dF (s) — T (ki kb)
k3, kY (ki ki)
kT
where V? (7}, 72,T") denotes investors” indirect utility as a function of taxes/subsidies.

Investors’ first-order conditions are given by

) s T i L.
/3’/ 4 (5)dr (s) - ZULR) oy
s* (ki k) Ok}
’ 8T(7i’k%)_ 2_0
i St L

g /s*(kll'7k;) d2 () dF'(s) = ok}

Marginal welfare effects: The marginal welfare effect of changing the regulation Tg of investment type
j € {1,2} is given by

daw  dve  dv

dT,Z dT,z dT]Z .

Using the envelope theorem, parallel to our general results, we obtain

ave (ki k) dki
(14 ) 8° Z/ o (5) dF (5) =,
drj,

di me{1,2}

and

avi  ovi  ovidrt Z dkt,
= T,

== o
dri ~orl 0T dr] me {12} drj

where we have used the assumption that 7 = 7k} 4+ 72k%. Thus, we obtain

i s* (K}, k)
W _ 5 Tm—(1+n)[30/ dm (3) dF (3)

dT,g mel1.2) dr,

=6m

Proof of Proposition 6 [Asset Substitution/Uniform Activity Regulation]:

Proof. To establish this proposition, we can use the general expression for optimal uniform regulation from
Equation (15)

o Ve (I L)s"
- /d:cU (I L)
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We have L = 0 in this application, because there is no perfectly regulated choice. Hence, we obtain

dki  dk}
U 1 2
[// dx 6U 1 1 dT; dT; 61
d+V dk] dks, )
d'rg d‘rlf 2

dkt  dki dki  dk
(dT,i + dT]3> o+ <d7’,§ + dT,? 02,

pdal _(dk R (i
drV” \dr}t = dr? drl =~ drf )’

Combining the last three expressions yields the required result, since

and

dki | dki dki | dk}
(dTé + dT]f) 51 + (d‘r; + drg 62
o dkt | dk? dki | dki
1 1 72 72
(i + ) + (& + 22)
dk? dk?
_ dTp dry
= dki | dk} 01+ dki | dk} 82,

where we have defined the total response of k%, to a change in the uniform regulation as

dkin B dkﬁn dkfn
7, dTé dT,?'

O

Derivation of leakage elasticities with separable costs: Assume that the adjustment cost takes

the form Y (ki, k) = & (ki)Q + % (k§)2 Investors’ first-order conditions now become

ki = zli <5i /s*(kixké) dy (s)dF (s) — T,§>

i_ L . o2
"5 (B /s*(ki,ké)dz( JdF (s) k)

Applying the implicit function theorem and Leibniz rule to investors’ first-order conditions, and imposing

uniform regulation 7} = 72 = 7, we have

dk? 1 . o o ds (KK
oL (—mn (5 (61K £ s (1, ) 2 1) _1).

dTy B Zn

Notice that the probability of bailout is
P (ki kb)) = F (s* (ki, k%)),
and has the property that

dP (ki kb)

ds* (ki, k%)
7k - dme

di

= f(s* (K1, k3))
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Hence, we can write

dk? 1 , vy AP (KL E)
= — | -8d, (s" (ki, k%)) ——%—1].
dTy, Zn ( b <S ( 1 2)) dTy,

It follows that the sufficient statistics for leakage elasticities are i) the scaling factor z, of the cost function,

ii) the sensitivity of the probability of bailout to the regulation, and iii) the marginal contribution d,, (s*)

of each asset class at the bailout boundary. Notice that the weight on §; in the optimal tax formula now

becomes
. ; v (i i\ aP (kLK
a & (= (o (k1. 04)) L1 )
Tk —
ot L (o o ) T 1) 4 L (< o (b1.k) TS )
1
=7 v
where
7 * d’P(kLk;’)
2 1+ By () —&—

1=

. dP (ki ki)~
221 1 gid, (s) LU0

Further simulation results Figure OA-5 illustrates comparative statics of the model in the context of

the second-best policy, in which 7y = 7} = 77.

D.4 Application 4

Households’ optimal choices and asset pricing: Households’ optimization problem at date 1 can

be expressed as
VH (q) = max F (k{') — qk{’,

kit

where V' (.) denotes households’ indirect utility as a function of market prices. The solution to the
households’ problem is characterized by ¢ = F’(k{’). When combined with market clearing, given by
>, (k& — ki) = kf!, we find the following equation, which the price ¢ must satisfy:

a=F ()= F (Z_ (%—ki)) - <;Zfiké>~

Notice that this equation defines ¢ as an implicit function of capital investments k). Below, we derive a

solution for the equilibrium value of ¢ in terms of primitives under standard functional forms.

Investors’ optimal choices: We solve the investors’ problem recursively. At date 1, the non-negativity
constraint on consumption is necessarily binding. It follows that the investor optimally chooses ¢! = 0 and

Thus, investor #’s maximized utility (i.e., value function) from date 1 onwards is
q

vl (q,ké) =2 <1 — 5) kp.
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Figure OA-5: Application 3: Second-Best Comparative Statics

Note: Figure OA-5 illustrates relevant comparative statics of Application 3 for different values of 7y :.T;i = 1¢2. The
top left plot shows the default threshold s*. The top right plot shows risky capital investments ki and k5. The middle
left plot shows the distortions associated with each investment decisions, 61 and 2, and the middle right plot shows

the associated Pigouvian wedges, wi and wa. The bottom plot shows the leakage/policy elasticities % and %. The

parameters used are described in Figure 4.
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At date 0, ignoring exogenous endowments, we can express investors’ optimization problem as

V(e T q) = max (o} (k) = T (k) — 7ik} + 7'}
0
= max{ (1 - 5) =" (ko) — Tiky +Ti} :

kg

where V' (+) denotes investors’ indirect lifetime utility as a function of taxes and market prices. The first-order

condition determining optimal investment k{ is given by
§Z _~pil 7 %
1-— E = T (ko) =+ Tk'

Assuming quadratic adjustment costs, we obtain the closed form solution

) 1 K .
4269 )

Marginal welfare effects: The marginal welfare effect of changing the regulation T]Z of investor type j
is given by
aw vt n avH

J
dr;,

J Jj
ez dr;, dr;

Using the envelope theorem, parallel to our general results, we obtain

dvH  ovH g

dT]Z - Oq dT]Z.

Similarly, we have
LW B 87‘/5 n ovtary ov* dg
dri  or ' OT¢ dr]  9q dr]
Ll o
di 9q drj’

where we have used the assumption that 7§ = 7{k§. Combining, we obtain

LW _ +Z dko 81}{ dq

drj = 5(] dr}
Z j < % - kf) d—qj. (OA13)

4T ver 94 drj,

Since ¢ in equilibrium is an implicit function of initial capital investments k&, i € {1,2}, we can write

ﬁ B dq dké
dTg Py ak(i) dle .
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Moreover, notice that
i H ety H i ¢ ¢
Sk =Y k- k=) (= 1) (kG- k),
=i 0q er 114 vez N1

where the last equality follows from the market clearing condition k¥ = teT (kf; — k{) Substituting into
(OA13) yields

dj_Zde?-‘rZ<_1) (ko_kl) 8!&73
Te ez Tk ez N1 iez © 0 AT
i dq ) (ZIg > ¢ Vi dké
-y Tk_<_i S ) kg k) | 20
i€ Oky ver N4 drj,

:(S;

Proof of Proposition 7 [Fire-Sale Externalities/Uniform Investor Regulation]:

Proof. With uniform taxation, the planner is forced to set 7 = 7} = 72. The marginal welfare effect of

changing the uniform tax is

aW -
dTy ST drj)
: ; dk}
=Y (-8
i€ jET drj,
- dk?
— 7. — & 0
Z (Tk k) d?k )
1€l
and solving for the optimal regulation % = 0, we obtain the required second-best solution:

Z dk} 5i
_ i€T dry, Uk

Tk = FI
Ziel F(,i
O
e
Closed-form solutions: Under the assumption that F (k{) = (kla) , which implies that F’ (k{') =

a—1 o1l . .
(k{l ) , we can express the equilibrium price in closed form as

a—1
a

q= (Zg%g) . (OA14)

With quadratic adjustment costs Y* (sz)) = “—21 (k‘é)Q, investors’ optimal choices at date 0 satisfy

kézclli(zi (1—§)—T,i).
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at

Note that 88—12‘1) =z, 2—; > 0. Note also that z° (1 - %) - T,i > 0 is required for k{ > 0. Combining the optimal
choice of k{ with the characterization of the price in Equation (OA14) yields a solution for ¢ in terms of

primitives:

a—1

= (SE((-5) )

3

As expected, the same change in k{ has a stronger impact on the price at date 1 for those investors with a
Jq 9q

higher ¢?, who are forced to sell more at date 1. Note that we can write T3 BT
0 0

= flaT_lqlfa, SO is higher

in absolute, when ¢ is higher.

Further simulation results Figure OA-6 illustrates comparative statics of the model in the context of

the second-best policy, in which 7, = 7} = 72.

0OA-24



Price of Capital Ex-Ante Investments Capital Sales
s~ —ky— ki
1351 1141 031 S~ == =k§ K

1.345
1121

1341

/E 1.335 F
= \l:/ 1.08 1
= 133 Ry kg
R
1.325 1.08 1
132 1.04F ~ o _
1.315 ..l
1.02 ~~o_
1.31 ! ! ! ! | | | | LT~ | I I |
0 0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05
Tk Tk Tk
Distortions Pigouvian Wedges Leakage/Policy Elasticities

0.055

0.05

0.04 -

0.035

0 0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05

Tk Tk

Figure OA-6: Application 4: Second-Best Comparative Statics

Note: Figure OA-6 illustrates relevant comparative statics of Application 4 for different values of 74 = 7¢ = 7x. The
top left plot shows the price of capital in equilibrium g. The top middle plot shows investment at date 0 for both
investor types, ki and k2. The top right plot shows the amount of capital sold at date 1 for both investor types, ks — ki
and k% — k?. The bottom left plot and the bottom middle plot show the distortions associated with the investment
decisions of each investor, 6; and 67, and the associated Pigouvian wedges, w}, and w?. The bottom right plot shows

1 2
the leakage/policy elasticities % and %. The parameters used are described in Figure 5.
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E Additional Proofs and Derivations

E.1 Price Theoretic Formulation

We now show that it is possible to extend our results to a price-theoretic environment as follows. We now
consider an economy with a finite number I > 1 of agents (equivalently, agent types in unit measure),
indexed by i,j € Z, where Z = {1,...,I}. There are N > 1 goods (commodities) indexed by n € N, where
N ={1,...,N}. Agent ¢’s preferences are represented by

ut (2, @), (OA15)

where z? € Rf denotes agent i’s consumption bundle, and & = {:Ej }j ez denotes the collection of bundles
of all agents.”” Each agent takes Z as given, so the second argument in u’(-) captures externalities across
agents.

Each agent ¢ faces a budget constraint

p-(z'—€)+7 2" =T, (OA16)

where e’ € RY denotes agent i’s endowment of goods; p € RY is a price vector; 7% - &’ introduces a set of
taxes/subsidies (regulations) specific to each agent and commodity, where 7! € RY; and T% € R denotes the
lump-sum transfer or tax that agent i receives or faces to ensure that the planner runs a balanced budget.
We denote the elements of ?, z*, and 7% by xt, 78 and 7&, respectively.

For a given set of regulations {TZ}Z c7 and transfers {Tl} an equilibrium consists of consumption

allocations {wi}iez and a price vector p such that i) agents cllleozose x' to maximize utility (OA15) taking
p and & as given, subject to the budget constraint (OA16); ii) the planner’s budget is balanced, so that
>, T8 = Y, 7 - x'; iii) consumption allocations are consistent in the aggregate, so &' = z, Vi; and iv)
markets clear, so Y, " =, e’. We assume at all times that the model is well-behaved.

First, we characterize the change in agent i’s indirect utility, denoted by V%, when varying a specific

regulation 77. Making use of the envelope theorem, we have

. i 0 Lt i
(a: e)+drflw drs,

avi  ou' dz _)\i(dp

drt  ,  dT?
dri, 9% drj dr, - )

where \¢ denotes the Lagrange multiplier associated with the budget constraint. We use x and Z equivalently
going forward, since they are equal in equilibrium.
Expressing this welfare change in money-metric terms by normalizing by agent ¢’s marginal value of

wealth, \?, and aggregating across agents, we have

av't . ;
dWw drd 1 0u* dx dp P (d‘rl ; dT’)
—_— = —_ = — e — — r — e — - - L — -
dri - A Z A0z dr),  dr) z} ( ) Zl: dri dri
1 ou® dx det
_;ﬁa:z T T

9

where the last line follows from i) market clearing, >, (:ci — ei) = 0, and ii) the fact that the planner’s

25Gection A of the Online Appendix includes explicit definitions of all vectors and matrices used in the paper.

OA-26



budget is balanced, so

dT’ drt dx® |
_— = — .3 + N
dr? ; dr} 21: dr}
Note that ZZ[J/-
da’ da’
AT T T (),
drj, A oz’ dT 7 drj, 7 dr},
where 6° = Zl )\L 8:0“ so by switching indexes and stacking we find that
dw  dx dx
P2l A

as in Equation (10) in the text.

E.2 Game Theoretic Formulation

We now show that it is possible to extend our results to a game theoretic environment as follows. Suppose
that agents have preferences of the form

u? (wi, 5:)

and that they face a constraint given by
v (z',2;0) =0,

where 6 is a parameter that indexes a general perturbation. In the price theoretic formulation in Section E.1,
the function U* (wi, x; 9) takes the simple form

U (x,2;0) =p(z) (' —€')+ 7" (0) ' — T".

We consider a Walras-Nash equilibrium with taxes, in which optimality requires that g“ )\Z ‘N’

we can express the marginal welfare change in the utility of agent ¢ induced by a general perturbatlon as

Vi oul da’  oul dz (aqﬂ' dei OV da aw‘)

a0 oz A0 oz o oz a0 " om a0 T o0

and normalizing by A’ to express the marginal welfare change in units of the constraint

avi (10wt 9v'\ dz Qv
XN\ N dx Oz do 09

This normalization allows us to express aggregate welfare gains as

7 1 7 \I/i - \I,i
dW: dv :Z( out 0 ) dx 0 (OA17)

o~ X\ XNox  ox) dd = 00
This expression is the generalization of Equation (10) in Lemma la), where the term multiplying % exactly
defines marginal distortions, and the term Z? 88—‘%1 gaptures the direct impact of any policy perturbation.
When the policy perturbation takes the form 7* (6) x*, then Equation (OA17) is exactly a generalized version
of Lemma la), with a slightly redefined marginal distortion, which is now augmented to capture interactions

among agents via constraints.
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E.3 Redistributional Concerns

Given the money-metric marginal welfare effects of varying 77, defined in Equations (OA5) and (OA6), we
can express the marginal welfare effects of varying 77, for any set of generalized social marginal welfare
weights (Saez and Stantcheva, 2016) or individual weights (Davila and Schaab, 2025), as follows:

dW A dv® v av© dv'e
_ i dTJ j dri dri dri b)) iC dtI
_— = W — +w = — + + Cov; w —_ (OAlg)
% C % C iC ) T )
dr ZZ A AT TN A AZ
Efficiency Redistribution

where we assume, without loss of generality that the weights add up to one, that is, >, w4+ w =1, and
where we use the index iC' to refer to the set of investors and creditors.?

When w? = w® = 1, then the redistribution term in Equation (OA18) is zero. This case is the one studied
in the body of the paper. When w? # w® # 1, Equation (OA18) shows that redistributional concerns enter
additively to the marginal welfare effects of varying 77. A utilitarian planner simple corresponds to setting
marginal welfare weights of the form w! = N}, where A} typically equals marginal utility of consumption.
Note that a utilitarian planner with access to lump-sum taxes/transfers finds it optimal to endogenously set

wt=w® = 1.

E.4 Practical Scenarios

E.4.1 Unregulated Decisions

Equation (13) follows directly from Proposition 1 since at the second-best optimum, the constraints are

binding with 7Y = 0. Concretely, we have

de®\ ! dal U de®\ ! dal U
R R U R

ThV=6"+|——"=5 — |77 -4 =0"—|——= —=0

< dTR> dr R \G, < dTR) drR~

as required. It is useful to consider the simple scenario in which there are two agents, I = 2, and each
agent has a single decision, N = 1. Assume that only agent 1 can be regulated, with regulatory constraints
dictating that 72 = 0. In that case, it follows from (13) that the optimal regulation for the regulated is simply

-1
g < dac1> dx252.

“art)

given by

The optimal regulation on agent 1 is equal to the first-best equivalent §* minus a correction that accounts
for the distortion imposed by the other unregulated agent. Assume, for instance, that the distortion by
the unregulated agent satisfies 6> > 0. The weight on the distortion by the unregulated agent is negative,
implying that it pushes 7! towards underregulation, whenever i) the regulated agent responds negatively to
increased regulation (the “regular” case with % < 0), and ii) the associated leakage elasticity indicates gross
substitutes with % > 0.

While this is the simplest case for building intuition, note that the same insight extends to any economy

with a single regulated decision and with an arbitrary set of unregulated decisions for which taxes/subsidies

26In Equation (OA18), the covariance operator, indexed by iC, correspond to cross-sectional covariance-sum
including investors and creditors.
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are forced to be zero. In this more general case, the optimal policy formula becomes

R R dl‘ d.r‘]
— E n
T = (5 — (— ) (5‘7

(7,m)eU

where U denotes the set of imperfectly regulated decisions.

E.4.2 Uniform Regulation

To build intuition for the uniform regulation results, it is useful to first consider the special case where all

U

decisions are subject to uniform regulation (" = ). In that case, it follows from Proposition 2 that the

optimal uniform regulation is given by

d:cn P
?U _ Zz Zn a7V 67 Zz Zn wflazl

dx?, dx? (OAlg)
Z_] Zn d?U Z] Zn d?{}

9

where we have re-written the total response of decision 27 to the uniform regulation as

dxj d:cJ

j'e€Ln’ EN

In general, note that the case of uniform regulation is a particular case of linear constraints A7Y = 0, where

where A has dimensions (Ny — 1) x Ny. In this case, % = A’, so Proposition 2 implies that the regulator
optimally sets

aw  dx¥ ,
drU ~ drU (I-Ljw” =Ap,

which also implies that
, dW da:

¢ drU — dTU

since At = 0, where ¢ denotes a vector of ones. Rearranging, we obtain

(I-L)yw” =J/A'u=0,

0=1¢ j"”U (I-L)w
(o)
- ZmU (r-1) (7"~ 48"),
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where the last line uses the fact that all elements of 7U must be equal to the same scalar, denoted 7V, at the

constrained solution. We solve as follows for the scalar 7V to complete the derivation of Equation (15):

dxV dzV Va2 (1 —1)6Y
V— (T -L)v7V =/—— (I-L0)§Y — 7V =4 :
arv LB =g T D) Vi (1 L)

scalar scalar

E.4.3 Convex Costs of Regulation

In this case, we have % = B7Y, so Proposition 2 implies that the planner optimally sets

@ (I-1L) (TU - 5U) = BrY.

Solving for TV yields

# = (e () e-0) ((Ge) o). o

which establishes Equation (16). In general, the correction relative to the first-best policy is given by
(B+ K )71 K, which has the interpretation of an attenuation matrix. For instance, in a scenario with a
single agent, I = 1, and a single decision, N = 1, Equation (OA20) becomes

__(#)
v_ - (7%) e (OA21)

where b is a non-negative scalar that modulates the cost. In the well-behaved case in which g—f < 0, it follows

T

that the optimal regulation is simply a scaled down version of the first-best regulation.?”

E.5 Diagonal Case

Finally, it is useful to discuss the case in which Zf—z is a diagonal matrix. In this case, the second-best

regulation on a perfectly regulated decision (j,n) is

. , i\t i,

J J
/) (rneu 4

where U denotes the set of imperfectly regulated decisions.
The simplified formula again shows the importance of leakage elasticities, which are weighted by wedges
and summed across all unregulated decisions (j',n’) € U. Tt is clear in this case that it is optimal to

underregulate the regulated (77 < 67) if each of the imperfectly regulated decisions is underregulated (wil/, < 0)

dz

J
and is a gross substitute to the regulated decision ( 7 22 > (). In addition, the formula shows that, even when

T’VL
not every decision satisfies gross substitutes, it is optimal to underregulate the regulated when a weighted

average of leakage elasticities — with the weights proportional to the associated wedges — is positive.

2"In this case, note that the perfectly regulated decisions in turn must satisfy:

-1
R R dx’ dx” -1 U
=4 +(_dTR 7 (B+EK) K -1T)6".
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Formally, when the own-regulatory policy elasticity matrix 3%2 is diagonal, we have

U U
dxy dxy

dwf" -1 0 dTJS dT][Ij U
R -1 U d'rlR dxy dxy Wl
dx de U _ . dTQR dTZR
drRi dTRw - 0 B L
drg wg
‘r}g dry
d‘r}g
datt -1 da¥ datt -1 da¥
d‘rlR cl‘rlR d‘rlR d‘rlR
R 1 1 wU
dx; dxy dxy dxy 1
_ dTZR deF" drlt d‘rZR .
U
rY\ —1 “o
dry dxy;
(d‘rg') d‘rg
-1 U U
dzft de{ U dzy U
(d'rlR) (d’rlﬂw1 + dTlRWQ +
-1 U U
da dey U dzy U
| (B (et +Eped +
dz B -1 de¥ uy  diY U
R Rwl + drg w2 + e

R ]
dry dry

It follows that the second-best regulation on a perfectly regulated decision (j,n) is thus given by (OA22).
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